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Abstract. Let T be Teichmiiller space of a closed surface of genus at least 2. For any point c£T, we describe 

an action of the circle on T X T, which limits to the earthquake flow when one of the parameters goes to a 

measured lamination in the Thurston boundary of T. This circle action shares some of the main properties 

of the earthquake flow, for instance it satisfies an extension of Thurston's Earthquake Theorem and it has a 

complex extension which is analogous and limits to complex earthquakes. Moreover, a related circle action on 

TxT extends to the product of two copies of the universal Teichmiiller space, 
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1. Introduction 

In all the paper we consider a closed, oriented surface S of genus at least 2. We denote by 7s, or simply by 
T, Teichmiiller space of S, and by MCs, or simply by MC, the space of measured laminations on S. 

1.1. Earthquakes on hyperbolic surfaces. Given a measured lamination A € MCs, we denote by E\ the 
left earthquake along A on S. E\ is a real-analytic map from 7s to 7s, see [32] [TTJ [19]. Recall that, in the 
simplest case where A is supported on the simple closed curve 7 with mass a, if h £ 7s is a hyperbolic metric 
on S, E\{h) is obtained by cutting (S,h) open along the minimizing geodesic homotopic to 7, rotating the 
left-hand side of 7 by a, and gluing back. 

We consider here the earthquake flow, which can be defined as a map: 

E : RxTxML -> T x MC 
{t,h,X) ^ (E t \{h),X) 

We call E t the corresponding map from T x MC to T X MC, and will also use the notation E\{h) := E\{h, A). 
Earthquakes have a number of interesting properties, of which we can single the following. 

(1) The earthquake flow defined above is indeed a flow: for all s, t £ R, E s o E t — E s+t . 

(2) Thurston's Earthquake Theorem (see [H]): for any h,h' £ T, there is a unique A £ MC such that 
E x {h) = h'. 

(3) For fixed A £ MCs and h G 7s, the map 

R -> Ts 
i h-> £L tA (/i) 

extends to a holomorphic map on a simply connected domain in C containing all complex numbers with 
non- negative imaginary part, see |19) . This defines the notion of "complex earthquake". 

(4) When considered on imaginary numbers, complex earthquakes correspond to grafting maps. The con- 
formal grafting map gr : M>o X T X MC — > T is actually obtained by composing the projective grafting 
map 

Gr : R> x T x MC -> V , 

where V is the space of complex projective structures on S, with the forgetful map V — > T sending a 
CP^-structure to the underlying complex structure. 

(5) Thurston (see [14]) proved that, for all s > 0, Gr s it is a homeomorphism from T x MC to V . 

We introduce a flow on Teichmiiller space which in a way extends the earthquake flow, and which shares the 
properties described above. The corresponding deformations are "smoother" than earthquakes, but earthquakes 
are limits in a natural sense. This motivates the term "landslide" that we use here. This deformation depends 
not on a measured lamination but rather on a hyperbolic metric h* £ T and it determines a flow: 

L : TxTxS 1 -> TxT 

(h,h*,e ie ) ^ L ei e !h *(h). 

We denote by L e ie : T x T — > T x T the corresponding map seen as depending on the parameter e lb . 
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We will also use the notation L 1 for the composition of L with the projection on the first factor, so that L 1 
is a map from S 1 x T x T to T. L\ e will denote the same map, considered as depending on the parameter 
e lB £ S 1 , so it is a map from T x T to T. Thus L x ie is the analog of the earthquake map £:Tx A4C —> T. 

When the metrics h and h* are fixed, we can consider the image of the map S 1 3 e 10 i-> L 1 ifl (/i, ft*) e T as 
a circle in Teichmiiller space in which h and h* are antipodal points. When h* converges (projectively) to a 
measured lamination A at Thurston boundary of Teichmiiller space, such a circle converges to the earthquake 
line E t \{h). A more precise statement, Theorem 1 1.121 can be found below. 

This "landslide flow" shares the main properties of the earthquake flow recalled above: 

(1) L is a flow on T x T - depending on the definition, checking this can be non trivial, see Theorem 11.81 

(2) We prove an analog of Thurston's Earthquake Theorem, see Theorem II. 141 

(3) For fixed h, h* £ T, the map L,(h, h*) : S 1 —> T extends to a holomorphic map from the closed unit 
disk A to T, see Theorem 15.11 This defines the "complex landslide" which are analogs of the "complex 
earthquakes" . 

(4) For r £ (0,1), the complex landslide L r corresponds to what we call here "smooth grafting", which 
is analog to grafting in our context and we denote by sgr r : T x T — > T the map defined as L r : 
T x T — > T x T followed by projection on the first factor. It is obtained by composing a map SGr : 
(0, 1) xTxT^P with the natural projection from V to T ■ 

(5) For all r £ (0, 1), the map SGr(r, •, •) : (0, 1) x T x T — >• V is a homeomorphism. 

Our notations mean that we parameterize the complex landslides using the unit disk in C rather than the 
upper half-plane as is customary for complex earthquakes. This notation is clearly equivalent but using the disk 
appears more natural in the context of the landslides considered here. 

Considered as a circle action on T x T , the flow L extends to a circle action on the universal Teichmiiller 
space, see Section [5] 

1.2. Harmonic maps and the landslide flow. Consider two hyperbolic metrics c and h on S. A map 

/ : (S, c) — > (S, h) is said to be harmonic if it is a critical point of the energy E. The energy considered here is: 

E{f) = \Juffw c 

where uj c is the area element of (S,c). Although it is not immediately apparent in this definition, this notion 
of harmonicity is conformally invariant on the domain, so that we can regard c as a conformal structure on S 
rather than a metric. 

Theorem 1.1 (Sampson |24j . Schoen and Yau :29 ). Let c be a conformal class on S, and let h £ T be a 
hyperbolic metric. There is a unique harmonic map f : (S, c) — > (S, h) isotopic to the identity. Moreover, f is 
a diffeomorphism. 

Consider a C 1 map / : (S,h#) — > (S,h), where hft is a metric in the conformal class of c. The Hopf 
differential $(/) of / is a quadratic differential that measures the traceless part of the pull-back of h by / and 
it is defined by the formula 

f*h = eh* + $ + $ , 

where e = ^tr h #(f*h). If / is harmonic, then $ is holomorphic. For / C 2 , also the converse holds. It follows 
from its definition that $(/) is invariant under conformal changes of the metric hr on S. 

Conversely, given a holomorphic quadratic differential $ on (S, c) , there exists a unique hyperbolic metric h 
on S such that the identity map (S, c) — > (S, h) is harmonic with Hopf differential see [2~H 133] . 

This leads to the definition of a flow on T depending on a "center" c £ T. 

Definition 1.2. Let c,h£T and let e £ S 1 . We define R ce i$(h) as the (unique) hyperbolic metric h! on S 
such that, if / : (S, c) — > (5, h) and /' : (5, c) — > (S, h') are the harmonic maps isotopic to the identity, then 

<£(/')= e i6 *(f) ■ 

This simple definition is strongly related to the flow L mentioned above, but the relation is not obvious (see 
Corollary II. lip , and using directly the definition of R given here is not convenient. For this reason we give 
below a different definition of L, which is more geometric, less directly accessible, but leads to straightforward 
arguments. 

There is another, superficially similar flow on Teichmiiller space, the elliptic flow defined by one of us (Mon- 
dello), see [21] . There are only limited similarities between the two flows, as should be clear from the sequel. 
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1.3. Minimal Lagrangian maps between hyperbolic surfaces. The constructions considered here de- 
pend strongly on the notion of minimal Lagrangian map between hyperbolic surfaces. Recall that, given two 
hyperbolic metrics h and h* on S, a diffeomorphism m : (S, h) — > (S, h*) is minimal Lagrangian if: 

• it is area-preserving and orientation-preserving, 

• its graph is a minimal surface in (S x S, h © h*). 

Theorem 1.3 (Schoen [30) . Labourie |16|). Let h,h* be two hyperbolic metrics on S. There exists a unique 
minimal Lagrangian diffeomorphism m : {S,h) —¥ (S,h*) isotopic to the identity. 

Minimal Lagrangian maps actually have a description in terms of hyperbolic surfaces only, as follows (see 
eg- EE]). 

Proposition 1.4. If m : (S,h) — ¥ (S,h*) is minimal Lagrangian, then m*h* — h(bu,bu), where b : TS — > TS: 

(1) is self-adjoint for h, 

(2) has determinant 1, 

(3) satisfies the Codazzi equation: d v 6 = 0, where V is the Levi-Civita connection of h. 
Conversely, if m : S — > S is a diffeomorphism satisfying those properties, then it is minimal Lagrangian. 

Corollary 1.5. Let h, h* be two hyperbolic metrics on S . There exists a unique bundle morphism b : TS — » TS 
which is self-adjoint for h, of determinant equal to 1 everywhere, satisfies Codazzi equation c? v 6 = 0, where V 
is the Levi-Civita connection of h, and such that h(b»,b») is isotopic to h* . 

A consequence of this proposition is that for any r, r* £ T, we can realize r and t* as a pair of hyperbolic 
metrics h and h* (not considered up to isotopies) so that h* = h(b»,b»), where b is self-adjoint for h, of 
determinant 1, and satisfies Codazzi equation c? v 6 = 0. A pair of metrics with this property will be a called a 
normalized representative of (t, t*). Clearly a normalized representative of (t,t*) is uniquely determined up to 
isotopies acting diagonally on both h and on h*. 

By abuse of notation, we will sometimes denote by (h, h*) both a couple of normalized hyperbolic metrics 
and its correspondent point in T x T . 

1.4. The landslide action on TxT. We now introduce the action L of S 1 on T x T. We will see below that 
it is strongly related to the map R introduced above. 

Definition 1.6. Let h, h* be two hyperbolic metrics on S, and let Set. We consider the bundle morphism 
b:TS~>TS given by Corollary HU and set 

(1) p e := cos{9/2)E + sm(6/2)Jb , 

where E : TS — > TS is the identity map and J is the complex structure of h on S. We then call 

L e ,e{h,h*) ■= (h(j3e;Pe»),h(Pe+ic*,Pe+ir»)) ■ 

Notice that by construction, Li(h,h*) — (h,h*), while L-i(h,h*) = (h*,h). 

Proposition 1.7. For all 9 € R, h(Pe»,Pe») is a hyperbolic metric on S. 

Theorem 1.8. Let h, h* be two hyperbolic metrics on S , let 8, 9' E R. Then 

L el0 > (L e is (h, h*)) = L e i(e'+e) (h, h*) . 

In other terms, L defines an action of S 1 on f x 7". We call L the landslide flow, or landslide action on 
TxT. 

The proofs of Proposition 11.71 and of Theorem 11.81 are in Section 13.31 

1.5. Relations to AdS geometry. We briefly recall some properties of globally hyperbolic anti-de Sitter 
manifolds. More details can be found e.g. in [2"U1 [Tj. 

The anti-de Sitter space is a Lorentz analog of hyperbolic 3-space, it can be defined as the quadric: 

Ad§ 3 = {x G R 2 ' 2 | (x, x) = -1} , 

where R 2,2 = (R 4 , — dx^ — dx\ + dx\ + dx%). It is a complete Lorentz manifold of constant curvature —1 with 
fundamental group isomorphic to Z. 

A manifold N with an AdS metric - a Lorentz metric locally modeled on AdS 3 - is maximal globally hyperbolic 
(MGH) if: 

• N contains a closed space-like surface F, 

• any inextendible time-like curve in N intersects F exactly once, 
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• N is maximal for inclusion, under these properties. 
Mess [2U1 Q] proved that, if N is (GH) and cf> : S — > N is an embedding onto a closed space-like surface F, then 
N is the quotient of a convex domain fi in Ad§ 3 by an action of the fundamental group of S. 

A key feature of AdS 3 is that the identity component of its isometry group is isomorphic to SL 2 (K) x 
SL2(M)/Z2, which is the double cover of PSL2(K) x PSL^M). As a consequence, the action of tti(S) on f2 
decomposes as (pi,p r ), where p\ and p r are morphisms from tti(S) to PSL^K). It was proved in 20] that 
these morphisms have maximal Euler number, so that they correspond to points in the Teichmuller space of S. 
Maximal globally hyperbolic AdS spaces are uniquely determined by these left and right representations, see 

mm- 

Lemma 1.9. Let h,h* be a pair of normalized metrics, let 9 G (0,7r). There exists a unique equivariant em- 
bedding (</>, p) of S in AdS 3 with induced metric cos 2 (0/2)h and third fundamental form sin 2 (9/2)h* . Moreover, 
p is the holonomy representation of a globally hyperbolic AdS manifold N: the first factor in L e ie(h,h*) is the 
left representation of N and the first factor in L e -ie(h, h*) is the right representation of N. 

The proof is in Section 12.41 

1.6. The center of circles in Teichmuller space. Let h, h* <E T. For each 9 € R, let (hg,hg) — L e ie(h, h*). 
According to Theorem ll.31 there is a unique minimal Lagrangian diffeomorphism mg : (S, hg) — > (S, h* e ) isotopic 
to the identity. We can then consider on S the conformal structure eg of the metric hg + mghg. We call eg the 
center of (hg, hg). This conformal class of metrics has some interesting properties, proved in Section 13.41 

Theorem 1.10. (1) mg is the identity - that is, the identity is minimal Lagrangian between (S,hg) and 
(S,h*). 

(2) eg does not depend on 9, it is equal to a fixed conformal class c. 

(3) Let fg : (S, c) — > (S, hg) and fg : (S, c) — > (S, hg) be the unique harmonic maps isotopic to the identity. 
Then fg and fg have opposite Hopf differentials. 

(4) For any 9 el, 

= e 4e $(/ ) . 

1.7. Obtaining R from L. As a consequence of Theorem ll.101 we find a simple relation between the map R 
defined earlier in terms of Hopf differential, and the map L. 

Corollary 1.11. Let (h,h*) be a couple of normalized metrics and let c be the conformal class of h + h* . For 
any e 10 £ S 1 , we have 

L e ,o{h,h*) = (R Ci g(h),R c , e+7T (h*)) . 

1.8. The earthquake flow as a limit. 

Theorem 1.12. Let h € T , let (/i^) n eN be a sequence of hyperbolic metrics and let A 7^ be a measured 
lamination. Consider a sequence (# n )neN of positive real numbers such that linin^oo 9 n £h^ = t(A, •) in the sense 
of convergence of the length spectra of simple closed curves. Then 

lim hl l =E x/2 (h) lim 9 n £ h 2 = t(A, •) 

where [h l n , h 2 n ) := L e *e n (h, h* n ). 

At first sight it would appear more natural to take the limit where the sequence of centers (c n ) converges 
projectively to A. However the statement obtained by replacing L by R and h* n by c„ in Theorem 11.121 turns 
out to be false, as proved - in one example - in Section [71 see Corollary 17.31 

The heuristic argument motivating Theorem 11.121 involves the convergence of constant Gauss curvature 
surfaces to a pleated surface in AdS 3 . However, writing a proof based on these ideas turns out to be more 
difficult than it appears. A key technical statement is that minimal Lagrangian maps have a close proximity 
to Thurston compactification of Teichmuller space: minimal Lagrangian maps isotopic to the identity provide 
"the" correct normalization to understand the convergence of a sequence of hyperbolic metrics to a projective 
measured lamination in Thurston boundary of T. 

Theorem 1.13. Let h be a hyperbolic metric on S, and let be a sequence of hyperbolic metrics such that 

d n £h* n — > t(A, •), where X is a measured geodesic lamination, the 9 n are positive numbers, and the convergence 
is in the sense of the length spectrum. For each n, let m n : (S, h) — > (S, ft.*) be the minimal Lagrangian diffeo- 
morphism isotopic to the identity. Then, for every smooth arc a in S that meets the h-geodesic representative 
of A transversely and with endpoints not in the support of (the h-geodesic representative of) X, the length for 
0n Tn n(hn) of the geodesic segment homotopic to a (with fixed endpoints) converges to the intersection between 
a and X. 
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The proof of this theorem involves the convergence of smooth surfaces to a pleated limit, but in the hyperbolic, 
rather than the anti-dc Sitter, context. 

1.9. An extension of the Earthquake Theorem. We can now state an extension to the landslide flow L of 
Thurston's Earthquake Theorem (see [H]). Recall that this theorem states that, given two hyperbolic metrics 
h and hi on a surface, there is a unique measured lamination A such that the left earthquake along A sends h 
to hi. 

Theorem 1.14. Let h,h' eT and let e i0 € S 1 \ {0}. There is a unique h* eT such that L\ iB (h, h*) = h' . 

We give in section 14.21 a simple proof based on a recent result of Barbot, Beguin and Zeghib [3] on the 
existence and uniqueness of constant Gauss curvature foliations in globally hyperbolic AdS manifolds. 
As an easy consequence, a similar statement holds also for the flow R. 

1.10. A complex extension. The earthquake flow has an extension as a map E : H x T x M.C — > T, where 
H is the set of complex numbers with nonnegative imaginary part. This map has the property that, for any 
h eT and any A e A4C, the map z i— > E(z, h, A) is holomorphic, see [19]. It can be defined in terms of grafting, 
or (for small A) in terms of pleated surfaces in hyperbolic 3-space. 

In Section [5] we prove that the landslide map L defined above has a similar holomorphic extension where the 
parameter e %s is replaced by a complex number £ in the closed unit disk. This defines many holomorphic disks 
in Teichmiiller space, see Theorem 15.11 Similarly to what happens for complex earthquakes, this construction 
factors through the space of complex projective structures on S for £ ^ 0, and the complex cyclic flow provides 
punctured holomorphic disks in this space. This factorization however does not extend for £ = 0. 

The complex landslide map limits to complex earthquakes just as the "real" landslide flow limits to the 
earthquake flow, see Theorem 16.11 

We hope at some point in the future to give another proof of the holomorphicity of this complex landslide 
map, based on a geometric argument taking place in the complexification of H 3 . This line of argument should 
also provide a straightforward and geometric way to understand why complex earthquakes are holomorphic 
disks. 

1.11. Landslide on the universal Teichmiiller space. Recall that a homeomorphism of the circle is quasi- 
symmetric if and only if it is the boundary value of a quasi-conformal diffeomorphism of the disk. 

Definition 1.15. The universal Teichmiiller space Tu is the quotient of the group QS of quasi-symmetric 
homeomorphisms of the circle by left composition by projective transformations. 

The universal Teichmiiller space contains embedded copies of the Teichmiiller space of all closed surfaces. 
Indeed, consider a closed surface S of genus at least 2, a fixed hyperbolic metric hP on S, and its holonomy 
representation p& : tvi(S) — > PSL2(M). Given another hyperbolic metric h on S and its holonomy representation 
p : 7Ti(5) — > PSL2 0R), there is a quasiconformal map / : H 2 — > H 2 conjugating and p. Moreover, the 
boundary value df : dooM 2 — > <9ooH 2 is uniquely determined by p& and p, and the map sending h to df is an 
embedding of Ts in Tu, see e.g. [TP] . 

Let ip '■ S 1 ~ * S 1 be a quasi-symmetric homeomorphism. There is (see [7]) a unique minimal Lagrangian 
quasiconformal diffeomorphism m : H 2 — > H 2 with dm = ip. As for closed surfaces, there is then a unique 
bundle morphism b : TH 2 TU 2 such that 

• b is self-adjoint, 

• it satisfies the Codazzi equation d v 6 = 0, 

• m*g — g{b», &•), where g is the hyperbolic metric on H 2 . 

For every £ K we then consider j3$ := cos(6/2)E + sin(0/2)6, where E is the identity and gg := g((3e 9 , fie 9 )- 

Lemma 1.16. gg is a complete hyperbolic metric on H 2 . The identity map between (H 2 ,g) and (M 2 ,ge) is 
quasiconformal (and minimal Lagrangian), and its extension ipg : S 1 — > S 1 to the boundary of H 2 is quasi- 
symmetric, so that it defines a point in QS. 

In Section 8 we show how to use this fact to construct an extension of L to a non-trivial circle action C on 
Tu X-Tu (see Theorem [53)1 . 
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I. 12. Content of the paper. In Section 2 we present the background material, concerning in particular 
minimal Lagrangian diffcomorphisms between hyperbolic surfaces and globally hyperbolic AdS manifolds. In 
Section 3 we define the landslide flow and prove that it is indeed a flow (Theorem II. 8p as well as Theorem 

II. 101 In Section 4 we give the proof of the extension to the landslide flow of Thurston's Earthquake Theorem 
(Theorem II. 14j) . Then in Section 5 we construct the complex landslide map, actually as a map from T x T x A 

to V, where A is the pointed closed unit disk in C, and we prove that it is holomorphic and that it extends over 
A as a map to T . Section 6 considers the limit when the parameter h* converges projectively to a measured 
lamination at Thurston boundary of Teichmiiller space, and contains the proof of Theorem 11.121 as well as its 
complex extension, Theorem 16.11 In Section 7, on the other hand, we show that the situation is not as simple 
for the "center" c determined by a fixed metric h and a sequence h* n going to a point at infinity in Thurston 
compactification of T: the limit of the corresponding sequence of centers does not depend only on the limit of 
(/i*). Section 8 deals with the circle action on the universal Teichmiiller space, while Section 9 contains some 
remarks and open questions. 

Acknowledgment. We are grateful to the Institute of Mathematical Sciences of the National University of 
Singapore, where most of the results presented here were obtained. The second named author would like to 
thank Mike Wolf for helpful clarifications on his paper [34] . 

2. Minimal lagrangian maps and AdS geometry 
We present in this section some background material used in the paper. 

2.1. Notations. In all the paper we consider a closed, oriented surface S of genus at least 2. 

We consider AdS 3 , as well as all AdS manifolds, as oriented and time-oriented. All the embeddings of S 
that we consider will implicitly be considered as time-oriented, that is, the oriented normal to the image is 
future-oriented. Moreover, the convex embeddings will always be considered to be positively convex, that is, 
the oriented normal is future-directed and pointing towards the convex side. We recall that it is possible to 
identify the isometries of AdS 3 with double cover of PSL 2 (M) x PSL 2 (IR) in such a way that, if S is a positively 
convex pleated surface in AdS 3 , bent along A and with first fundamental form h, then the first (resp. second) 
factor corresponds to the holonomy of the hyperbolic surface obtained from h performing a left (resp. right) 
earthquake along A. 

2.2. Hyperbolic ends. The 3-dimensional hyperbolic space can be defined as a quadric in the 4-dimensional 
Minkowski space K 1 ' 3 = (R 4 , —dx^ + dx\ + dx\ + dx\), with the induced metric. 

H 3 = {xe M 1 - 3 | (x,x) = -1 and x Q > 0} . 

It is a simply connected, complete manifold with constant curvature —1. 

A quasifuchsian hyperbolic manifold is a 3-dimensional manifold locally isometric to H 3 , homeomorphic to 
SxM, which contains a non-empty compact convex subset. 

Such a quasifuchsian manifold M contains a smallest non-empty convex subset C(M) called its convex core. 
M is Fuchsian if C(M) is a totally geodesic surface, otherwise the boundary of C(M) is the disjoint union of 
two pleated surfaces. 

Each connected component of the complement of C(M) in M is an instance of a hyperbolic end: a hyperbolic 
manifold homeomorphic to S x K>o, complete on one side and bounded by a locally concave pleated surface on 
the other. There is a one-to-one correspondence between hyperbolic ends homeomorphic to S'x]R > o and complex 
projective structures on S 1 , which associates to a hyperbolic end the natural complex projective structure on its 
boundary at infinity, see e.g. [14]. 

Labourie [16 proved that any hyperbolic end has a unique foliation by convex, constant curvature surfaces. 
The curvature varies monotonically from —1 close to the pleated surface boundary, to close to the boundary 
at infinity. 

Given an oriented surface £ in a hyperbolic end M (or in H 3 ) we will usually denote by / its induced metric, 
and by B its shape operator, considered as a bundle morphism from TT, to TS. It is defined by BX — \/ x v, 
where v is the oriented unit normal to £ and V is the Levi-Civita connection of M. We will also denote by 
E :TS -^TS the identity. 

Definition 2.1. Let £ be a convex surface embedded in a hyperbolic end M with embedding data (I^,B^). 
The grafted metric on £ is I* = I S ((E + B s )», (E + B s )»). 
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A basic and well-known property of this metric 7* is that the hyperbolic Gauss map - sending a point i£E 
to the endpoint at infinity of the geodesic ray starting at x orthogonal to £ - is a conformal map between 
(S, 7*) and dooM with its conformal structure. More details will be found in Section [6] 

2.3. The duality between hyperbolic and de Sitter ends. The 3-dimensional de Sitter space can be 
defined, as the hyperbolic space, as a quadric in the 4-dimensional Minkowski space, with the induced metric. 



There is a one-to-one correspondence between points in dS 3 and oriented totally geodesic planes in H 3 , see e.g. 
[2"31 |2"T] . Given an oriented surface S C H 3 , its dual is the set S* of points of dS 3 corresponding to oriented 
planes tangent to S in H 3 . If S is smooth and locally strictly convex, then S* is also smooth and locally strictly 
convex. 

Consider a quasifuchsian hyperbolic manifold M, and let E be one of the ends of M, that is, one of the 
connected components of the complement of C(M) in M. The universal cover of M is identified with H 3 , and 
the universal cover E of E is then identified with a connected component of the complement of the convex hull 
of the limit set A of tti(M) in c^HI 3 . Let E* be the set of points of dS 3 corresponding to oriented planes in 
H 3 contained in E. Then (see [20]) iri(M) acts properly discontinuously on E*, and the quotient is a de Sitter 
domain of dependence, that is, a globally hyperbolic maximal de Sitter manifold (see below for the definition in 
the AdS case). 

This construction actually extends (see [20] ) to a hyperbolic end E which is not necessarily one of the ends of 
a quasifuchsian manifold. In this manner, any hyperbolic end E has a "dual" de Sitter domain of dependence 
E* , and conversely. 

One feature of this duality which will be used below is that if S is a surface in E with constant curvature K , 
then there is a dual surface S* in E* . (It is the quotient by tti(M) of the surface in dS 3 dual to the universal 
cover of S in H 3 .) The curvature of S* is then also constant, and equal to K/ (K + 1). In this manner a foliation 
of E by constant curvature surfaces gives rise to a dual foliation of E* by constant curvature surfaces (see [3] 
for more details). 

2.4. Globally hyperbolic AdS manifolds. The definition of AdS 3 and of globally hyperbolic AdS manifolds 
are recalled in the introduction. There are many similarities between quasifuchsian hyperbolic manifolds and 
globally hyperbolic AdS manifolds, some of which - being used in the arguments below - are recalled here. 

Let A be a globally hyperbolic AdS 3-manifold, and let F be a closed, space-like surface in N for which the 
induced metric has negative sectional curvature (or, equivalently, the determinant of the second fundamental 
form of F is everywhere larger than —1). Let 7 and v be the induced metric on this surface and a unit normal 
vector. Let J be the complex structure induced by v on F: namely J(v) — v x v where x is the vector product 
on TAdS 3 . Finally, let B = Vv be the the shape operator of F, where V is the the Levi-Civita connection of 
AdS 3 . We consider the Riemannian metrics on F 



Then hi and h r are two smooth hyperbolic metrics on F (see j!2j). This can be used when F is a maximal or 
constant mean curvature surface in N, but also when F is a constant Gauss curvature surface. 

Remark 2.2. Notice that, even if J and B depend on the choice of a normal vector, JB and the metrics hi and 
h r are independent of it. 

According to our orientation and time-orientation of AdS 3 , the holonomy of the metric hi is equal to the 
first factor of the holonomy of N and the holonomy of h r is equal to the second factor of the holonomy of N, 
see [12]. This last observation can be used to prove Lemma 1X791 

Proof of Lemma mA Let b : TS — > TS be the positive /i-self-adjoint operator given by Corollary 11.51 such that 
h* = h(b*,b*). Since h and h* are normalized metrics we know that b is a solution of Codazzi equation and 
det& = 1. 

We consider now the pair 



dS 3 = {xe M 1 ' 3 I (x,x) = 1} . 



hi = I((E + JB); (E + JB)*) , h r = I{{E - JB); (E - JB)*) . 




~ cos a (6(/2) ' 



1 



so (Ig,Bg) is also a solution of Gauss equation for spacelike AdS surfaces (see [12]). 
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This implies that there is an equivariant map 

^:S->Fc AdS 3 

whose embedding data are Ig and Bg. The map <j> is unique up to isometries of AdS 3 . We will also require that 

• the normal field v that induces the right orientation on S points toward the convex side 

• v is a future-directed vector field. 

□ 

Lemma Tl. 91 and [12] imply that L e ie(h, h*) is a couple of hyperbolic metrics. For convenience of the reader, 
we will give a simple proof of this fact in Section 13.11 

Globally hyperbolic AdS manifolds have a unique foliation by constant mean curvature surfaces, see [2]. 

A globally hyperbolic AdS manifold N contains a smallest non-empty convex subset C(N), called its convex 
core: N is called Fuchsian if C(N) is a totally geodesic surface; otherwise, the boundary of C(N) is the disjoint 
union of two pleated locally convex surfaces in A, so that its induced metric is hyperbolic and its pleating is 
described by a measured lamination (see [50] ). The complement of C(N) in N has two connected components, 
one future convex, the other past convex. Barbot, Beguin and Zeghib [3] proved that N \ C(N) has a unique 
foliation by convex, constant Gauss curvature surfaces. The curvature is monotonic along the foliation, and 
varies from —1 in the neighborhood of the convex core to — oo near the initial/final singularity. 

2.5. Minimal Lagrangian maps between hyperbolic surfaces. The definition of minimal Lagrangian 
diffeomorphisms has been recalled in the introduction. Remark that the definition directly shows that the 
inverse of a minimal Lagrangian diffeomorphism is also minimal Lagrangian. 

Let us mention here that they occur in several distinct geometric contexts, and the interplay between the 
different occurences is used below, in particular in Section 4. 

• If S is a surface of constant curvature K in a constant curvature, Riemannian or Lorentzian 3-manifold 
M, then the third fundamental form M of S also has constant curvature K*, where K* depends on K, 
on the ambient curvature, and on whether the ambient space is Riemannian or Lorentzian (for instance, 
if M = H 3 , then K* = K/(K+l)). If both K and K* are negative, then \K\I and \K*\M are hyperbolic 
metrics, and the identity, considered as a map from (S, \K\T) to (S, \K*\W), is minimal Lagrangian. 

• If M is an "almost Fuchsian" manifold, that is, M is a quasifuchsian hyperbolic 3-manifolds containing 
a closed, embedded minimal surface S with principal curvatures everywhere in (—1,1), then S is the 
unique closed minimal surface in M. The "hyperbolic Gauss maps" send S to each connected component 
of the boundary at infinity of M, and both maps are diffeomorphisms. Composing these maps one 
finds a diffeomorphism between one component of d^M and the other. This diffeomorphism is minimal 
Lagrangian if each boundary component is endowed with the (unique) hyperbolic metric in its conformal 
class. (See e.g. [12] for details and proofs.) 

• Similarly, if A is a globally hyperbolic AdS manifold, then it contains a unique closed, space-like maximal 
surface F. Consider the metrics hi and h r defined above on F. Then hi and h r are the left and right 
hyperbolic metrics of A, respectively, and moreover the identity between (F, hi) and (F, h r ) is minimal 
Lagrangian (see [T3] for details). 

It is the first of these occurences which will play the largest role here. 

Minimal Lagrangian maps between hyperbolic surfaces are intimately related to harmonic maps: let m : 
(S,h) — > (S',h') be a minimal Lagrangian diffeomorphism between two hyperbolic surfaces and consider the 
conformal structure c on S of the metric h + m*h' . Then 

• the identity is harmonic between (S 1 , c) and (S, h), 

• m is harmonic between (S,c) and (S',h'), 

• those two harmonic maps have opposite Hopf differentials. 
The converse is also true. Details can be found e.g. in [30] , 

3. Definition of the cyclic flow 

In this section we consider two fixed normalized hyperbolic metrics h, h* on S, and call b the bundle morphism 
given by Corollarv ll.5l Let f3g be the family of operators defined in ([!]). 

Definition 3.1. Given 8 g R, we call 

h e = h(J3$; Pe») ■ 
Comparing with definition 1 1.6[ we have L e ie(h,h*) = (hg,hg +7r ). 
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3.1. The Levi-Civita connection of hg. 

Lemma 3.2. For all 9 £ R, d v /3g — 0, where V is the Levi-Civita connection of h. 
Proof. Let u, v be two vector fields on S. Note first that /3$ satisfies Codazzi equation: 
(d v pg){u,v) = V u (pgv)-V v (pgu)-pg{[u,v}) 

= cos(0/2)(V u v - V v u - [u, v]) + sin(0/2)(V„( Jbv) - V v (Jbu) - Jb[u, v]) 

= sin(0/2) J{V u (bv) - V v Qm) ~ b[u, v]) 

= 0, 

where the last equality follows from the fact that b satisfies Codazzi equation. □ 
Lemma 3.3. The Levi-Civita connection V of hg is given by 

V e u v = p-eV u (pgv) . 

Proof. Consider the connection V e defined in the statement of the lemma. It is sufficient to prove that it is 
compatible with hg and torsion-free. 

Let u, v, w be three vector fields on S. Then 

u-hg(v,w) = u ■ h(/3gv , /3gw) 

= h(V u (f3 9 v), p e w) + h(p e v,\7 u (f3 e w)) 

= hg(V e u v,w) + hg(v,V e u w) , 

and therefore V is compatible with hg. 

We can now compute the torsion of V e on u,v. 

V e u V-V 6 v U-[u,v} = /3^g(V u (l3gv)-V v (pgu)-f3g[u,v]) 

= ^e(d v M(u,v) 

= . 

Thus V is torsion- free and compatible with hg, and so it is the Levi-Civita connection of hg. □ 

The computation of the connection of hg allows to prove easily that hg is a hyperbolic metric. 

Proof of Proposition \l . 7j Let (ei,e2) be an orthonormal frame for h on S, with connection 1-form u> with 
respect to the Levi-Civita connection V of h. Let (e' l5 e' 2 ) = (/3^ 1 ei, /3 e ~ 1 e2), it is an orthonormal moving frame 
for hg. Since the Levi-Civita connection V 8 of hg is given by Lemma T3.31 a direct computation shows that the 
connection 1-form of {e'i,e' 2 ) for V e is also equal to ui. Since the identity map between (S,h) and (S,hg) is 
area-preserving, it follows that h and hg have the same curvature, so that hg is also hyperbolic. □ 

3.2. A cyclic property. Our next goal is to prove Theorem 1 1 . 81 and Theorem 1 1.1 01 The proofs are in the next 
sections, after some preliminary lemmas. 

Lemma 3.4. Let 9, 6' G K. Then j3g o /3g, = 0g + g>. 
Proof. By definition we have: 

j3 9 o (3 e , = (cos(0/2)£ + sin(0/2) Jb) o (cos(0'/2)E + sin(0'/2) Jb) 

= cos(0/2) cos(6'/2)E + sin(0/2) sin(0'/2) JbJb + (cos(0/2) sin(0'/2) + sin(0/2) cos(0'/2)) Jb . 
But JbJb = —E because b is self-adjoint and of determinant 1. It follows that 

p o pg, = cos((0 + 6')/2)E + sin((0 + 0')/2) Jb = p e+ g, . 

□ 

For instance, since Jb — P w , it follows that Jb o p s = p g o Jb = Pe+ n . 
Lemma 3.5. Let bg : TS — > TS be the bundle morphism associated to hg and hg by Corollary \1.5\ Then 

be = P-g o b o p d . 

Proof. Let bg — P~g o b o p g . This lemma will follow if we prove the following facts: 

(1) hg(be», bg») is isotopic to hg (we will actually prove that it is equal to hg). 

(2) bg has determinant 1. 

(3) bg is self-adjoint for hg. 
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(4) d^/3 e =0. 
For the first point, note that Jb — /3 T , and therefore: 

h e (b e ;b e ») = h(bf3 e ;b/3 e *) = h{Jb/3 e ;Jbj3 e ») 

= h(p n o /3gm, fin o (3 e u) = h(p w+ e», /3,r+e») 

= h$. 

The second point is clear since det(frg) = det(/3_e) det(6) det(/3g) = 1. 
For point (3) let u, v be two vector fields on S, then 

hg(b e u,v) = h(/3gbgu, /3 e v) = h(b(3gu, f3gv) 
= h(/3gu,b/3gv) = h e (u,b e v) . 

For point (4), let again be u,v be two vector fields on 5*. Then, using the expression of V e in Lemma [331 
we have: 

(d v<3 bg)(u,v) = V e u (bgv)-V e v (bgu)-bg[u,v} 

= (i-gV u {j3gbgv) - /3_gV ' v (j3gbgu) - bg[u,v] 
= (i-g{d V I3 g+n )(u,v) 

so that (d v bg){u, v) = by Lemma T3.2I This completes the proof. □ 
Remark 3.6. Lemma 13.51 shows that hg and hg +7r are normalized metrics. 

3.3. Proof of Theorem Ol Let 6, & e M. By definition of L eu 

L e ,(L d (h,h*)) = (he0g,;M,(h e+ ^g,;M) , 

where 

P e , = cas{6'/2)E + sm(9'/2)Jgb e , 
where Jg is the complex structure of hg. Clearly, Jg = ° J ° fig, so that 

]3 , = /3-g o (cos(6>'/2)£: + sm(0'/2) Jb) o /3 e 

= o o@0> o j3g 

= Pe> ■ 

We now see that 

L e ,{L e {hX)) = {he{i3o>;l3e>»),(he+«(Pe>;Pe>»)) 

= (h(fig o (3g,», (3g o f3g,»), h(f3g + Tr o /3g,«, /3g +7T o /3g/«)) 
= (h(/3g, + gu, /3g, + gu),h*(f3g, + gU, f3g, + g»)) 

= Lg, + g(h,h*) . 

This proves Theorem If .81 

3.4. Proof of Theorem 11.101 The fact that hg and hg +7r are normalized metrics follows from Lemma 
We compute the expression of eg . 

eg = hg + hg+K 

= h((cos(6/2)E + sin(6»/2)6)«, (cos(0/2)£ + sin(0/2)6» + 

+h{{- sm{e/2)E + cos(0/2)6)«, (- sin(0/2)^ + cos(0/2)6» 
= (cos 2 (6»/2) + sin 2 (6»/2))/i + (cos 2 (6»/2) +sin 2 (6»/2))/i(fe.,6.) 

= c , 

so eg is indeed independent of 9. 

The fact that the identity (S, c) — > (S, hg) is harmonic follows from the last paragraph of Subsection [ 
For point (4) recall that bg has determinant 1 and that hg = hg(bgu, bgu). A simple computation then shows 

that hg — hg is traceless with respect to hg + hg. The definition of Hopf differential (see Section ITT2]) therefore 

shows that, if $g is the Hopf differential of the identity from (S, c) to (S, hg), then 

= 2Re{$ e ) . 
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Therefore 

ARe{<S> 6 ) = ft((cos(0/2)E + sin(0/2)6)«, (cas(6/2)E + sin(0/2)6» - 

-h((- sm(0/2)£ + cos(0/2)6)«, (- sm(6/2)E + cos(0/2)&» 
= (cos 2 (6>/2) - sin 2 (0/2))(ft - ft*) + 4sin(0/2) cos(0/2)ft(6«, •) 
= cos(0)(ft - /i*) + 2 sin(0)ft(&*, •) . 



So i?e($ e ) = i?e(e l9 $), where 
(2) $ 



ft - ft* + 2ih(b; •) ft((£ - & 2 )», •) + 2ift(&«, •) 



4 4 
is the Hopf differential of the identity from (S, c) to (S, ft). 

3.5. Centers. We conclude this section by some remarks on the respective behavior of ft, ft* and c. 

Remark 3.7. c is uniquely determined by ft, ft* G T ■ Conversely, ft* is uniquely determined by ft and c. 

Proof. Given ft and ft*, we have seen that there is a unique minimal Lagrangian diffeomorphism m : (S,h) — > 
(5, ft*) isotopic to the identity. By definition, c is the conformal class of ft + m*h* . 

For the second point, let / : (S, c) — > (S, ft) be the unique harmonic map, given by Theorem II .11 and let <& be 
its Hopf differential. There is then a unique harmonic map /* from (5*, c) to a hyperbolic surface (5, ft*) with 
Hopf differential equal to — $. The content of Section [2751 then indicates that /* o f^ 1 is minimal Lagrangian, 
so that c is the center of (ft, ft*). □ 

4. An extension of Thurston's Earthquake Theorem 

In this section we recall a recent result of [3] on constant curvature folations of GH AdS manifolds, and use 
it to prove Theorem II .141 

4.1. Constant curvature foliations in AdS geometry. We recall here one of the main result of [3]. Let N 
be a MGH AdS 3-dimensional manifold, let C(N) be its convex core. 

Theorem 4.1 (Barbot, Beguin, Zeghib [3J- The complement ofC(N) in N is foliated by surfaces of constant 
(Gauss) curvature. Moreover, for any k € (— oo,— 1), there exists a unique future-convex (resp. past-convex) 
surface of constant curvature k in N , and it is a leaf of the foliation. 

4.2. Proof of Theorem 11.141 We first translate Theorem 14. II in terms of the lanslide flow, using Lemma IT791 
Corollary 4.2. Choose (pi,p r ) € T and a 6 (0, w). There exists a unique (ft, ft*) GTxT such that 

L\ ia (ft, ft*) = pi and L\- ia (ft, ft*) = p r . 



Proof. It is a direct consequence of Theorem 14.11 Given pi and p r there is a unique GHMC AdS manifold 
N = S x K of which they are the left and right representations, respectively. N contains a unique past-convex 
surface F with constant curvature —1/ cos 2 (a/2), which comes with a diffeomorphism <fi : S —> F (well-defined 
up to isotopy). We call I and HI the induced metric and third fundamental form on S, respectively. Then 
HI has constant curvature — l/sin 2 (a/2). We then set ft = (1/ cos 2 (a/2))7, ft* = (l/sin 2 (a/2))iff, so that ft 
and ft* are normalized hyperbolic metrics on S (see [H]). Lemma 11.91 then shows that pi = L 1 ia (ft, ft*), while 

Pr=Ll^ a {h,h*). 

Conversely, given ft, ft* € T such that pi = L^ ia (ft, ft*), while p r = L x _ ia (ft, ft*), we can consider the unique 
equivariant embedding (f> : S — > AdS 3 onto a past-convex surface F, with induced metric cos 2 (a/2)ft and third 
fundamental form sin (a/2) ft*. Then F is the lift to AdS 3 of a past -convex surface F in a GHMC AdS manifold 
N, and the left and right representations of N are p\ and p r by Lemma 11.91 This shows the uniqueness. □ 



Proof of Theorem \l . 14\ Apply Corollary 14.21 with p r = ft, pi = ft', and with a — 8/2. It shows there exists a 
unique fto G T and a unique ftp € T such that 

(3) ft = i^ to (ft 0j ftS), ft' = i^(ft ,ftS) ■ 

As a consequence, putting ft* = L 2 e _ ia (fto, ftj) we have L 1 ^ (ft, ft*) = ft'. 

Conversely given ft* G T such that L^ ie (h, ft*) = ft', letting (fto, fto) = L ei e/2(h, ft*) we easily see that ((3]) is 
verified. The uniqueness in Corollary 14 . 2 1 therefore implies the uniqueness here. □ 
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5. The complex cyclic map 

This section describes a natural extension of the cyclic flow from a real to a complex parameter. This is 
analogous to the complex earthquake introduced by McMullen [19]. We will actually show in the next section 
that the "complex cyclic flow" introduced here limits, in a suitable sense, to the complex earthquake. 

5.1. Main statements. Let V be the space of complex projective surface on S. The space V is naturally a 
complex manifold of real dimension 12g — 12. Moreover the natural map V — > T that associates to a complex 
projective surface the underlying complex structure is holomorphic. A projective structure is Fuchsian if its 
universal covering is projectively equivalent to a round disk in CP 1 . 
Let H be the upper half-plane in C. We define a map 

P' -.WxTxT^-V 

where 

• For every fixed h, h* the map z — > P z (h, h*) is holomorphic. 

• For t real, P{(h, h*) is the Fuchsian projective surface corresponding to L^_ it (h, h*). 

Notice that here z lives in the upper half-plane, while, in the introduction, the flow usually depended on a 
complex parameter Q in the unit disk. Both parameterizations are quite useful here. Taking £ in the unit disk is 
natural when dealing with the landslide flow, while taking z in the upper half-space is natural when thinking of 
complex earthquakes as a limit (since complex earthquakes are usually parameterized by the upper half-space). 
Until Section 15.41 we consider the parameterization by z in the upper half-space, while in Section 15.51 we will 
make the connection to the parameterization by C, in the unit disk. We use a prime to denote the various maps 
when z is in the upper half-plane, this explains the notation P' above. 

The construction of the map P' is the analog of the construction of the complex earthquake due to McMullen 
[15] . The first point is to define the analog of the grafting. 

Given two normalized hyperbolic metrics h and h* on T, let b be the operator defined in Subsection 11.31 
Given a positive number s > 0, we consider the metric / s = cosh 2 (s/2)/i and the operator B s = — tanh(s/2)6. 
It is easy to see that (J s , B s ) satisfies the Gauss-Codazzi equation for immersed surfaces in H 3 , that is 

d v B s = 0, K s = -l + detB s , 

where V is the Levi-Civita connection for I s (which is equal to the Levi-Civita connection for h) and K s is the 
curvature of I s (which is constant and equal to —1/ cosh (s/2)). 
As a consequence there exists a convex equivariant immersion 

(4) d s '. S — y H 3 

whose first fundamental form is the pull-back I s of I s and whose shape operator is the pull-back B s of B s . This 
map a a is uniquely determined up to elements of PSL2(C), once we state that the orientation on S at <j s (P) 
coincides with the orientation induced by the normal vector i> s (p) pointing towards the concave part (this is the 
reason why the sign of B s is negative) . 

Given p g S, let dev s (p) € = CP 1 be the endpoint of the geodesic ray starting from a s (p) with velocity 
Vs(p)- The map 

dev s : S — > CP 1 

is a developing map for a complex projective structure SGr' s (h, h*) on S. (The notation SGr is used to keep in 
mind the analogy to the grafting map Gr). 

Notice that, if h — h*, then b = E and a s = d s o (r , where d s : <tq(S) — H 2 — > H 3 is the map associating to 
cr So (p) the end-point of the geodesic segment of length s starting from cr So (p) with velocity v SQ (p). So, in this 
case, SGr' s (h,h) is the Fuchsian projective structure associated to h. 

Finally, given a complex number z = t + is with s > 0, we define 

P' z {h,h*) = SGr' s {L'_ t ){hX)) 

where L'_ t (h, h*) := L e -u (h, h*). 

Most of the remaining part of this section is devoted to proving the following theorem. 

Theorem 5.1. The map 

z h> P' z (h,h*) e V 

is holomorphic. 
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Composing P' with the forgetful map from V to 7", we obtain for each z in the upper half-plane a map 

C' z :TxT^T 

sending (h, h*) E T X T to the complex structure underlying the complex projective structure P' z {h, h*). 
Corollary 5.2. The map z — > C' z (h, h*) is holomorphic in the upper half-plane. 



This clearly follows from Theorem 15.11 since the forgetful map from V to T is holomorphic. 
To prove Theorem 15. 11 we will show that the holonomy p z of P' z , holomorphically depends on z. In fact the 
derivatives 

t _ d£z_ _ dfh 

dt ' Vz ~ ds 

are sl2(C)-valued cocycles in H 1 (ni(S), Ad o p z ) and we will show that 

(5) Vz = i£» • 

Let us remark that, since P' z+t (h, h*) = P z (L e -u(h, h*)) for any z in the upper plane and t real, it is sufficient 
to check ((SJ at imaginary points zq = isQ. 

To compute the cocycles we consider the family of convex immersions 

a s ,r t -.S^B 3 

such that o s corresponds to SGr' s (h,h*) and r* corresponds to SGr' (L e -u(h, h*)). 
The first-order variations of a s and r t are the fields 

(6) y = ^'« 

regarded as sections of the fiber-bundle Q — a* (TH 3 ) on S. Imposing the equivariance of a s under pi S , and of 
r t under pt+is j we deduce that 

(7) X(p)^(p( 1 )),X( 1 - 1 p) + V ( 1 )(p) 

(8) ^(p) = (p(7))^(7^P)+e(7)(p) 

where we have put p = p Zo , r\ = ?7 Zo , £ = £ 2o and we are identifying the elements of sb(C) with the Killing 
vector fields on H 3 . 

We will find some explicit relation between X and Y that, used in ([7]) and ([8]), shall show equation ((5J- 
5.2. General formulas. We consider any smooth family of immersions 

(j s '. S — > H 3 

and let J s be the first fundamental form on S and B s the shape operator associated with a s . 

Fix so > 0: we study a s around s = so- Let us denote by 6 the vector bundle a* (TH 3 ) and let X — ^| | s=So , 
seen as a section of 0. In this section, we will express the derivatives of I s and B s at s = so in terms of the 
field X, and we will show that these quantities determine X up to global Killing vector fields. 

We notice that there is a natural inclusion of TS into given by da So . For the sake of simplicity, we will iden- 
tify TS with its image in 0. Given a point p G S and s > we denote by v s (p) the unit vector at a s (p) orthogonal 
to da s (p)(TpS) such that, for every positive basis {ei,ea} of TpS, the vectors i> s (p),da a {p)(ei),da s {p)(e2) form 
a positively oriented basis of T crs (p)H 3 . In this way, if J denotes the complex structure on S (and by abuse of 
notation on a s (S j), we have 

(9) J s v — i> s xv 
for all v e da s (TS). 

A linear connection D is defined on by pulling back the Levi-Civita connection on TH 3 . 
The covariant derivative of a section Y of is a linear operator 

(10) DY :TS -> TH 3 . 

Such an operator can be decomposed as the sum of a self-adjoint operator of TS (identified to a subspace of 
TH 3 ) and the restriction of a skew-symmetric operator of TH 3 . 

Lemma 5.3. Given a section V ofQ, there exist 

• a self-adjoint operator A v of TS; 

• a section S v of 



A CYCLIC EXTENSION OF THE EARTHQUAKE FLOW 



15 



such that 

(11) D V V = A v (v) + S v xv 
for every v £ TS. Moreover both A v and S v are uniquely determined. 

Proof. At every point, DV can be decomposed in a tangential part and normal part: 

DyV = a(v) + (DvV,9}P. 

Clearly a is an operator of TS, so it can be decomposed into a self-adjoint part A(a) and a skew-symmetric 
part S(a). Notice that the skew-symmetric part is a multiple of J, in particular there is a £ M such that 
S(a)(v) — aJ(v) — av x v. On the other hand, there exists a tangent vector w such that 

(DyV, v) = (v,w) 

for every v £ TS. In particular the normal part of D$V can be regarded as the restriction on TS of the 
skew-symmetric operator 

v h- > (v, w)v — (v, v)w = (w x v) x v ■ 

So if we put A v = A(a) and S v — av + (w x v), Equation (fTT|) is verified. 

We show now that this decomposition is unique. Suppose A is a self-adjoint operator of TS and let S be a 
vector tangent to H 3 such that A v (v) + S v x 5 = A(v) + Sxij for all 5 e T5. Clearly = (S-S v )xv. 

This implies that S — S v is a normal vector. Since A — A v is self-adjoint, it follows that A v — A = and 
S v - S = 0. □ 

An important property of the covariant derivative of X is that DyX is the variation of the image of v in H 3 
along the family (<j s ). More precisely the following statement holds. Here we denote by D/ds the covariant 
derivative along (a s ) associated to D. 

Lemma 5.4. Given a tangent vector v £ TpS, we consider the field v s = do~ s (v) along the curve s <— > o~ s (p). 
We have 

(12) ^| S=S0 =^A. 

ds 



Proof. Take a path v : (—6,6) — > S such that v'(0) = v and consider the map x(e,s) = a s (v(e)). We have 

dx t 
de 1 



v s = §f (0,s) whereas if (e, s Q ) — X(v(e)). A direct computations shows that 



D D dx , . D dx , . D . „ 



□ 



Now we apply the decomposition to the field X, so we call A x the self-adjoint part of DX and X' the 
field S x . It turns out that the first order variation of I s is determined by A x . On the other hand, the field X' 
determines the variation of the normal field along the family of o~ s . 



Lemma 5.5. Given u, v £ TpS , we have 

(13) «)!«=.„ =2I s (A x (u),i), £H\ = x'xv. 

ds ds 

Proof. We have that 

I s (u,v) = (da s (u),da s (v)) . 

Applying Lemma 15.41 we get 

-£-/»(«, 5) = (f«A, 5) + (u, DyX) . 
ds 

Since D^X = A x (u) + X' X u, where A x is a self-adjoint operator of T5 1 , we get the first formula. 

To prove the second formula, first we notice that since (v,v) — 1, then ^-\ s=Sa is a tangent field. On the 
other hand, given a tangent vector v we have (v, da s (v)) = 0. Differentiating this identity we get 



Dv . 
ds ' 



-(v,D.~ v X) = (v, X' x v) 



Since X' x v is tangent, this proves that = X' x ii. □ 
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Using (|13p we get the first order variation of B s at s = sq. In the computation of such a variation, the 
covariant derivative of X' appears. It is useful to apply the decomposition (fTTj) to DX', In particular, we put 
X" = S x ', so that 

D S X' = A x \v)+X" x v. 

Lemma 5.6. Given v £ TpS , we have 

(14) ^-(B s (v))\ s=so = JA x '(i) -(X + X", v)v - A x o B S0 (i) . 

as 

Proof. Differentiating with respect to s the identity 

da s {B s (v)) = -D.~ v v 

and evaluating at s = sq, we obtain 

(15) D s ^X + B{v) = ~(D 9 i>). 
On the other hand, we have that 

(16) ^(Dsi>) = Dv(^)+R(X > v)i> 

where R is the Riemann tensor of H 3 . 
By (|T3")) we have that 

(17) D c (J^fj = D v {X' xi>) = A x ' {v)xt> + (X" x v ) x v - X' x B So (v) . 

On the other hand, since H 3 has constant curvature —1, its Riemann tensor is simply given by 

(18) R{X, v)v = (X, v)v - (v, v)X = (X, v)v . 
Using (HU), (HU, and JISJ in §T5$) we get 

A x (B S0 (v)) + X' x B So (v)+B(v) = -A x '(v) x v - (X" x v) x v + X' x B So (v) - (X,i>)v 

Since v x A x ' (v) = JA x '(v) and (X" x v) x v = (X", v)v, Equation (HU follows. □ 

Finally we show that Equations (fT5)l and (fT^j) determine X up to some global vector field. This is an easy 
consequence of the following lemma. 

Lemma 5.7. Let V be a section of O and let us put V = S v and V" = S v . Suppose that 

A v = JA V ' - (V" + V,v)E- A v oB S0 =0. 

Then V is the restriction of a global Killing field o/H 3 on S. 

Proof. Under the hypothesis of the lemma, neither the induced metric nor the shape operator of the surface 
vary under the first-order deformation defined by V. The conclusion therefore follows from the Fundamental 
Theorem of surface theory, see e.g. [31] . □ 

5.3. The variation field of SGr' . In this section we apply formulas obtained in the previous subsection to 
the family of convex immersions a s : S —> H 3 defined in (|4| . 

Lemma 5.8. For X = ^\ s=So , denote by X' the section S x and by X" the section S x . The following 
formulas hold: 

(19) 2A X = tanh(so/2)E 

(20) A x '^[J,b}/4 

(21) ( X + X",i>) = *®.. 

Proof. The embedding data corresponding to o~ s are 

/, = cosh 2 (s/2)/i B s = - tanh(s/2)6 

so we easily get that 

— I s {u, v)\ s=Sa = tanh(s /2)i So (u,v). 
ds 

Comparing this formula with (|13p . we get that 2A X = tanh(s /2)-E. 
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On the other hand, applying (|14p we get 



1 l_ tax' lv „ , v ,-ap , tanh 2 (s /2)r 



2cosh 2 (s /2) 
which can be also written 

b = -2JA X ' + 2(X" + X, v)E . 

Multiplying by J we deduce that 

Jb = 2A X ' + 2{X" +X,v)J . 

Notice that this must coincide with the decomposition of Jb in symmetric and skew-symmetric part. Since the 
adjoint of Jb is — bJ it follows that 

2AX , = jb-U = [lift 

2 2 

2(X" + X, v)J = = + ~ b j= tl+lj = 

where we have used that b + 6 _1 = tr(b)E. □ 

A consequence of Lemma T5. 81 is that X" + X can be explicitly computed. 
Proposition 5.9. With the notation of Lemma \5.8\ the following identity holds: 

4 

Proof. By ([2~Tj) . it is sufficient to prove that 

(X" + X,i)=0 

for every tangent vector v. 

Let u, v be two tangent fields on S. By using the identity 

DuX = i tanh(s /2)?i + X' x u 

an explicit computation shows that 

R(u,v)X = DuD it (X) - DaDuiX) - D [fi)5] X = D^X' Xv- D S X' x u. 

Moreover, 

(22) DuX 1 xv- DaX' x u = A x ' (u) x i ~ A x ' (v) x u + (X" X u) X v - (X" xi)xi 

By (12^1) . A x ' is a self-adjoint traceless operator, and it follows that the sum of the first two terms of (|2"2")l 
vanishes. Eventually, we get 

R(u, v)X = (X" x u) xv - (X" x v) x u = (X" , v)u - (X" , u)v . 

Since fl({t, v)X — (X, u)v — (X, v)u, we easily deduce that (X" + X.v) =0 for all tangent vectors v. □ 

Proposition 5.10. Let r t : S — > H 3 be the family of convex immersions corresponding to the projective surface 
SGr' So o L e -it(h,h*) and denote by Y its first order variation att = 0. Then Y = —X' up to adding a global 
Killing vector field, where X' is the vector field defined in Lemma \5.8[ 

Proof. Let It be the first fundamental form corresponding to r t and let B t be the corresponding shape operator. 
According to Lemmas 15.51 15.61 and 15. 71 it is sufficient to show that 

(23) ^Mu,£)\ t=a = -2I (A x '(u),i}) 
at 

(24) J t ^ )lt=0 = ~ ( JAX '' ~ {X ' + X '"' 5)C " ^ ° ^ o(?2) ) ' 

where X'" — S x is the vector field corresponding to the skew-symmetric part of DX" . Call f3 t = cos(t/2)E — 
s'm(t/2)Jb, so that we have 

(25) I t =cosh 2 ( So /2)fc(/3 t .,/3 t .) 

(26) B t = - tanh(s /2)/3_ 4 6/3 t . 
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It follows that 

d ~ 1 



—i t {u,v)\t=a = -^Io{Jb(u),v)-h(u,Jb(v))} 



-~I ([J,b]u,v) = -2I (A X ' («),(«)) 



To show equation (|24[) . we first compute DX". By Proposition 15.91 we have 

D U X" = -A x u-X' x u- ^p-B u+ ( grad f t -^- ) ,u )u 



= - \A X + ^Boj u-{X'+ Jgrad(tr(6)/4)) x u . 
where grad is the gradient on S with respect to Iq. In particular, 

X'" = -X' - Jgrad(tr(6) /4) , 2A X " = - tanh(s /2) ( E - ^-b 



2 



Replacing these identities in the right hand side of (]24f) . we deduce 



2{JA x "{u) - (X' + X'", u)u - A x ' o B (u)) = - tanh(s /2)(J - ^ Jb)(u) + tanh(s /2) ^ ^ b(u) 

= - tanh( So /2)(J - ^ Jb - \fb 2 + ^)(fi) 

Using the identity b = tr(6)6 — i£, we obtain that the right hand side in (|24|) is equal to 
(27) tanh(s /2)(J- (tr(6)/2)J6) 

On the other hand, ([2"B)) shows that the left hand side of (|2~41 is equal to 

(2g) tanh(^ /2) ( - JS _ ~ 2) = tanh(W2) (J _ _ ^ = _ ^ ^ 

Equation ([24]) follows by comparing (|2?} with (pg|. □ 

5.4. The comparison of the cocycles. Any element of if £ s[2(C) can be regarded as a Killing vector field 
on H 3 . Notice that by definition of Killing vector field, there is another field K' associated to K such that 

D^K = K' xv. 

Using the same argument as in Proposition 15.91 one can check that K' is a Killing vector field and in fact 
K" = —K. More precisely, we have the following lemma: 

Lemma 5.11. As elements o/s^C) we have K 1 = iK . 

□ 

Given a point x £ H 3 we have a natural map 

evj :sl 2 (C) 3 (K(x),K'(x)) £ T 2 H 3 © T^H 3 . 

It is a well-known fact that such a map is an isomorphism for every x € H 3 . 
Because of Lemma 15. Ill if ev%(K) = (w-\_,W2), then eVx(iK) = (u)2, —Wi). 
Given any section V on O, we define 

K v :S^sl 2 (C) 

such that evx{K v (p)) = V(p) and eVx((K v )'(p)) = V'(p) for every x — a- So {p)- 

In particular, we have maps K x and K Y associated to the fields X, Y defined in ([6]), so that eVx(K x ) = 
(X,X') and ev^K 5 ") = (-X',-X") by Proposition ETlOl We conclude by Proposition [O] that 

K Y = -iK x - K 

where Ko{p) — ev i T 1 (0,X" + X) = ev 5 T 1 (0, ^&-u) for all x — a So (p). Since the field ^j^-v is invariant under 
the action of tti(S), we find that Kq is equivariant, that is 

K ( 7 p) = Ad(p^))K (p) . 
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However, it follows from Equation ([7} that 

(29) ^(jp) - Mp( 7 ))X x (p) = n(i) 

(30) K Y (jp) - Ad(p( 7 ))K Y (p) = £( 7 ) 
and by these equations and identities (O and ([8]) one deduces that 

f (7) = -m?(7) - (M/>M) - l)#b(p) = -^(7). 

Thus is proved. 

5.5. Parameterization by the disk. The parameterization of the complex landslide used above is well- 
suited for a comparison with the complex earthquake. However, another parameterization - already used in 
the introduction - is perhaps more convenient when considering the holomorphic disks in Teichmiiller space 
obtained as the image of the complex flow. This new parameter £ takes values in the unit disk. We develop 
here the relationship between these two parameterizations and we investigate the regularity at C = 0. 

Consider z = t + is in the upper half-plane, so that t € R and s > 0, and we set ( = exp(zz) = exp(— s + it), 

which belongs to the punctured closed unit disk A = {( e C | < \(\ < 1}. For h,h* S T we then define 

P<(M*) := Pl +is (h,h*) C c (h,h*) := C' t+is {hX) ■ 

These maps are well-defined since P' and C are invariant under t ^ t + 2tt. Clearly, the maps £ h-> Pq(}i, h*) 
and Q 1— > C^(h, h*) are holomorphic in the unit disk minus its center, for any fixed h and h* . 
We first give an explicit formula for C' is (h, h*). 

Lemma 5.12. Let h.h* be two hyperbolic metrics on S, and let b be the bundle morphism appearing in 

Corollary \1.5[ For every s g K>o, 

C' is {h,h*) = h(j s ;j s ») 

as conformal structures, where 

7 S = cosh(s/2)£' + sinh(s/2)6 . 

Proof. By definition, C' is {h, h*) is the conformal structure at infinity of the (unique) hyperbolic end containing 
a convex surface with induced metric I — cosh 2 (s/2)/i and third fundamental form M = sinh 2 (s/2)/i*. Its shape 
operator is then B — tanh(s/2)6, and conformal structure at infinity of the end is given (see e.g. |28j ) by 

C' ZS (K h*) = I((E + B); (E + £?)•) = h(j s ; 7s ») . 

□ 

We can now give a general formula for C' t+iB {h, h*) for t + is 6 H. 
Lemma 5.13. Let s,i€l with s > 0, and let £ — exp(— s + it). Then, for all h, h* € T, 



where 



C c (h,h*) = h (B*;B*m 



B*=t±l E _<^l h 



and y/^ is a notation for exp((— s + it)/ 2). 

Here we use the convention that the complex number i acts as the complex structure J on tangent vectors. 
Proof. It follows from the definition of C" and from the previous lemma that 

C't+isiKh*) = h{P- t o%;P- t o%») , 

where (as in Section 3): 

/3 t = cos(i/2)E + sin(i/2) Jb , j s = cosh(s/2)E + sinh(s/2)&- 4 , L t =fto6o (3_ t . 
It is then clear that 

P-t 7 S = Is o P- t , 

so that 

C t+is {h,h*) = h{B*.,B*.) , 

where — js o (3_ t . 
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Using the fact that bJbJ = —E 



B* = (cosh(s/2) J E + sinh(s/2)6)o (cos(t/2)£ - sin(t/2) J6) 



= (cosh(s/2) cos(t/2)E - sinh(s/2) sm(t/2)bJb) + (cos(t/2) smh(s/2)E - cosh(s/2) sin(t/2) J)b 
= (cosh(s/2) cos{t/2)E - sinh(s/2) sin(t/2)J) + (cos(*/2) svah(s/2)E - cosh(s/2) sin(t/2) J)b 
= cosh((-s + it) /2)E - sinh((-s + it) /2)b . 
Setting v 7 ^ = exp((— s + it)/2), we can write this relation as 

B# = vc+i/vc E vc-i/vc b 



a 



It follows from the definitions that C is essentially the same as C with a different parameterization. The 
main properties of this map are as follows. 



Proposition 5.14. Let h,h* 6 T and let c be the "center" of (h, h*) as defined in Section uM Then: 

(1) Cf(/i, h*) is defined for all ( € A, 

(2) it is holomorphic in £ 7 

(3) it extends continuously, and therefore holomorphically, at C,—Q, with Co{h,h*) = c. 

(4) it also extends holomorphically to the open disk of center and radius (/to + l)/(«o ~ 1)j where kq = 
max-rgs and k : S — > [l,oo) is the bigger eigenvalue of the operator b associated to the minimal 
Lagrangian map isotopic to the identity between (S,h) and (S,h*) (see Section ] 1.3\) . 

In particular, c appears as a smooth point of the holomorphic disk defined by C, while it was obtained only 
in the limit s — > oo in the parameterization used by C . 

Remark 5.15. Unlike the map C,(h, h*), the map P,(h, h*) does not extend at ( — 0. Indeed, take any sequence 
of positive real numbers f n — > 0. By definition of the map P, there is an embedding of S into the hyperbolic end 
M n , with first fundamental form equal to I n — cosh 2 (— | \ogQ n )h and shape operator B n = — tanh(— ^ log£ n )&, 
which corresponds to the projective structure P n . In particular, B n converges to —6. On the other hand, by 
Proposition 4.2 of [15] , if P n converges to a projective surface, B n should converge to the identity. 

Proof of Proposition \5. 1J\ The first two points are direct consequences of the definition of C from C , and of 
Theorem 15.11 The third point follows from the expression of B^ in Lemma [5.131 because CQ(h,h*) is really 

considered as a conformal structure, so it is not changed if we multiply B^ by a complex- valued function defined 

on S. In particular, we can multiply B^T by 2-/C,, obtaining 

2yftB* - (1 + QE + (1 - C)b , 

which is clearly continuous at u = 0. 

For the last point note that the expression defining C^(h, h*) in Lemma 1 5 . 1 31 can be analytically continued 
if B^ is non-singular at all points of S. This happens if 

C+l l-C 

everywhere on 5, which is certainly satisfied if 

Kq + 1 



ICI< 



□ 



6. The earthquake flow as a limit 



The main goal of this section is to prove Theorem II .121 The arguments are based on comparing surfaces in 
Ad§3 with constant Gauss curvature close to —1 to pleated surfaces. The key step in the proof of Theorem 1 1.1 21 
will be Theorem 1 1.1 31 

We fix a hyperbolic metric h on S and a divergent sequence of metrics h* n € T. We will study the asymptotic 
behavior of the holomorphic map z > P z (h,h^) assuming that (/i*) rae N converges to a point in the Thurston 
boundary of T(S) which is the projective class of some measured geodesic lamination A on S. 

Take any sequence 9 n > with linin^oo 9 n = such that Q n l%* t(A, •), i.e. for every free homotopy class 
7 of closed curves of S, the /i*-length of the /i*-geodesic representative of 7 rescaled by the factor 8 n converges 
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to the intersection between 7 and A. Define P' n : H — > V(S) as P n (z) = P' e z (ft, ft*), which are holomorphic, 
and let P^, : H -> V(S) be P^(t + is) = Gr sA/2 (P_ tA/2 (ft)). 

Theorem 6.1. For every z£l, we have that P^(z) — > P^ x> (z). 

Notice that since the P' n are holomorphic, the convergence P' n — > P^ is, in fact, in C°° . Note also that in 
this section we use the parameterization by the upper half-plane - which is more practical when considering 
the limit to complex earthquakes - so that we use the notations with primes for L, P, SGr, etc. 

6.1. Convergence on the imaginary axis. In this subsection we prove that if 9 n th* n — > t(A, •), then 

(31) PleSKK) "> Gr x/2 (h) . 

In fact, in order to prove Theorcm l6.il we will need to prove that the convergence is uniform with respect to h. 

Proposition 6.2. Let (/i„) n eN be a sequence of hyperbolic metrics converging to a hyperbolic metric h on S, 
and let (ft*) ne N be a sequence of hyperbolic metrics converging projectively to [A] in the Thurston boundary of 
T . If O n is a sequence of positive numbers such that 9 n £h^ — ► t(A, •), then SGr'g^ (ft„, ft* ) converges to Gr x / 2 (h). 

Notice that (13"TT) corresponds to the particular case of Proposition 16.21 in which h n is constant. 

By definition, SGr' g (ft„, ft*) = P' ie (h n , ft* ) is the projective structure on S determined by prescribing that 
the associated hyperbolic end (M n ,gM n ) contains a constant curvature surface S n , parametrized by a n : S — » 
S n C M n , with first fundamental form Ig n — cosh (0 n /2)ft„ and third fundamental form Ms n — sinh (0„/2)ft*. 

In general, given an embedding S — > S C X of S inside a (hyperbolic, de Sitter or anti de Sitter) 3-manifold, 
we will denote by the same symbol the first fundamental form 1^ (resp. the third fundamental form My) and 
its pull-back on S. 

Let dM n be the hyperbolic boundary of M n , that carries a hyperbolic induced metric <7om„ and is locally 
bent along a measured geodesic lamination A n . By definition, P! (h n , ft*) = Gr\ n (goM n )- So, in order to prove 
Proposition 16.21 it is sufficient to check that {S,ggM n ) converges to (S, ft), and A„ converges to A/2 in M.C{S). 

Lemma 6.3. The hyperbolic metrics goM n are contained in a compact subset ofT. 

Proof. The closest point projection r„ : M n — > dM n is 1-Lipschitz. In particular, we have a 1-Lipschitz map 
r n\s n '■ S n — > dM n . This implies that the marked length spectrum of dM n is bounded from above by the marked 
length spectrum of S n , that in turn is locally uniformly bounded. □ 

Lemma 6.4. The bending laminations X n are contained in a compact subset of M.C 

In order to prove Lemma WM we will consider the de Sitter spacetime M* dual to M n : it is the set of complete 
geodesic planes contained in M n . The de Sitter structure is induced by the natural map dev* : M* — > dS 3 , 
where the model of de Sitter geometry is the set of geodesic planes of H 3 (see [25j [5]). 

Scannell [5S] showed that M* is a globally hyperbolic spacetime diffcomorphic to S X R. Following [S], M* 
has a natural boundary corresponding to the set of support planes of dM n . This boundary is called the initial 
singularity: the de Sitter metric extends to the boundary and makes it an achronal (but not spacelike) surface. 
So dM* carries a pseudometric do induced by M*. By [51 15] it turns out that the action of 771(5*) on M* extends 
to the boundary (even if the action on the boundary is neither proper nor free) and the marked length spectrum 
of this action coincides with the intersection with the bending lamination: 

(32) t (A„, 7 ) = M{d Q (x*,-fx*)\x* e dM*} . 

Let S* be the surface in M* dual to S n , corresponding to the set of support planes of S n (that by the 
convexity of S n are complete planes in M n ). There is a natural map S n — > S* sending x to the dual of the 
plane tangent to S n at x. 

A simple local computation shows that the first fundamental form of S* coincides with the third funda- 
mental form of S n (throught the natural map S n —> S 1 *). In particular S* is a surface of constant cur- 
vature — l/sinh 2 (6>„/2). Barbot, Beguin and Zeghib [3] have shown that there is a time function (K-time) 
t„ : M* — ► (—oo,0) such that t^ 1 (fc) is the unique surface in M* with constant curvature k. 

Lemma 16.41 is a simple consequence of (J32J and the following general Lemma of de Sitter geometry. 

Lemma 6.5 ( 4 ). Let M* be a de Sitter MGHC spacetime and dM* be the boundary of its universal covering. 
If S* is a constant curvature surface in M* , there is a natural 1-Lipschitz equivariant map 

f* :S* -> dM* 

such that f*(x) G I~{x) n dM* . 
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In particular, we have 

W(7) <Mt) 

where £qm* ond is* are the marked length spectra of DM* and S* respectively. 
Proposition 6.6. The hyperbolic metrics geM n converge to h. 

Proof. By Lemmas 16.31 and 16.41 we have that up to passing to a subsequence M n — ¥ M^. In particular, we can 
concretely realize M n = (S x [0, +oo), <7m„) i n such a way that gu n converges to a hyperbolic metric gu^ such 
that (S x [0, +oo), <7Moo ) — Afooi where we have denoted by the same symbol the metric gM n on M n and the 
corresponding metric on the model S x [0, +oo). 

By abuse of notation, we denote again by r n : S x [0, +oo) -*Sx {0} the retraction corresponding to the 
retraction of M n onto dM n . Let a n : (S,h) (S X [0, +oo), </m„) be the embedding with first fundamental 
form Is n — cosh 2 (6* n /2)/i n and third fundamental form Ms n = sinh 2 (6*„/2)ft,*. 

Notice that the composition i n — r n o a n ■ (S,cosh 2 (9 n /2)h n ) ->(Sx {0}, gdM n ) is a 1-Lipschitz homotopy 
equivalence. So i n converges (up to passing to a subsequence) to a 1-Lipschitz homotopy equivalence ioo : 
(S,h) — > (S x {0} , goM^ ) ■ Since both h and gg m„ are hyperbolic metrics, we conclude that ioo is an isometry. □ 

Let Aqo the bending lamination of M^. In order to conclude the proof of pip we need to show that Aoo = A/2. 
In fact, the following general result in Lorentzian geometry and (|32p show that 

(33) l(Xoo , 7 ) = lim £ s * ( 7 ) = lim ( 7 ) = lim %4* (7) = t(A/2, 7) • 

n n n z 

for every closed curve 7. 

Proposition 6.7. [4] Let (X*)„gN &e a sequence of MGH de Sitter (or anti de Sitter) spacetimes homeomorphic 
to S x R. Suppose that X* converges to a MGH spacetime X^. Take any sequence of numbers k n — x —00 and 
let S* be the future-convex surface of constant curvature k n contained in X*. 

Denote by £q the length spectrum of the initial singularity of X^ . Then, for every 7 € 7Ti (S) we have 

&*(7)->4(7) 

as n — > +00. 

In the next section we will give a short description of the initial singularity for anti de Sitter spacetimes and 
we will apply Proposition 16 . 71 to this case. 

6.2. Convergence on the real axis. In this section we will prove that 

(34) L' e \(h,h* n ) -> E x/2 (h) 

Recall that L'g is the composition of the map L' e :T xT — > T x T with the projection on the first factor. 
As in the previous section, we will need a slightly stronger statement. 

Proposition 6.8. Let (/i n ) n gN and (/i*)„ g n be two sequences of hyperbolic metrics such that (/i n ) n gN converges 
to a hyperbolic metric h on S and that (/i* ) converges to a point [A] in Thurston boundary of T. If 9 n is a 
sequence of positive numbers such that Q n l%* — > t(A, •), then Lg (h n ,h*.) converges to £w 2 (li). 

Recall that the holonomy of L'g n (h n , h^) corresponds to the left holonomy of the MGH AdS N n = S x R 
containing a future-convex if-surface F n with Ip n = cos 2 (8 n /2)h n and HIp^ = sin 2 ((9„/2)/i* . In order to prove 
Proposition 16.81 we will show that N n converges to a MGH AdS structure and F n converges to the lower 
boundary d^C(N OQ ) of the convex core of N^. Then we will prove that d-C(N 00 ) is isometric to (S, h) and 
is bent along a lamination corresponding to A/2. By a result of Mess [50], the left holonomy of Noo (that is, 
by definition, the limit of the left holonomies of N n ) is equal to the holonomy of E\/2(h), and Proposition 16.81 
follows. 

In order to prove that N n converges to some structure, we will consider the lifting <j) n : S — > N n C AdS 3 
corresponding to the embedding (f) n : S — > F n C N n . The map (p n is determined up to isometry of Ad§ 3 and we 
will normalize it by requiring that, for some fixed po € S, 4>n{Po) — %o an d the normal vector to F n = <p n (S) at 
xo is equal to vq for some fixed xo , vo in AdS 3 . 

The first step to prove the convergence of N n is to show that <j) n converges to a spacelike embedding into 
AdS 3 . 

Proposition 6.9. Up to passing to a subsequence, F n converges to a spacelike surface Foe in AdS 3 and the 
map <pn converges to an embedding 

(poo-.S^ AdS 3 

whose image is i^. 
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The easy part of the proof is to show that F n converges to an embedded surface Foo in Ad§ 3 that is achronal. 
The main issue is to show that the surface is spacelike. The proof relies on the fact that, for some fixed 
p G S, the tangent planes of F n at 4> n {p) are uniformly spacelike, in the sense that they cannot approximate 
lightlike planes. 

The proof of this fact is based on the technical Lemma 16.101 

Lemma 6.10. Let b n be the h n -self adjoint operator such that h* L = h n (b n »,b n ») and let a n : S — > S n C M n 

be the embedding introduced in Section \6.1\ Let /Jf be the lifting to S of the grafted metric Lit introduced in 

Definition \2.1\ Then, for every compact set K C S , there is a constant Ck such that the diameter of K with 
respect to Lit is bounded by Ck for every n. 

Proof. For any k G [—1,0), M n contains exactly one if -surface of constant curvature k, denoted here by M n (k) 
(where by M„(— 1) we mean the boundary of M n ). For each n, let G n = SGr' 9n (h n , /i*) be the projective surface 
at infinity of M n . Let us consider the natural retraction LI Mn( - fc ) : G n — > M n (k), which is the limit of the closest 
point projections M n {K) — > M n (k) onto the convex surface M n (k) as K > k converges to (see Figure [1]). 




FIGURE 1. The retraction U Mn(k y 

On the universal covering, Ll^ ^ sends a point x G G n to the tangency point of the unique horocycle centered 

at x and tangent to M n (k). For k > — 1, Ti-M n (k) is a diffeomorphism and the inverse is the map obtained by 
sending each point of y G M n (k) to the final point of the geodesic ray starting from y and orthogonal to M n {k). 
If k = —1, Lljvf„(-i) is not injective in general, since points on M n (— 1) can admit several normal directions. 
Nevertheless, Lljvr„(-i) : G n —> M n (—1) is a homotopy equivalence. 

In [28], it has been showed that this diffeomorphism is conformal with respect to the grafted metric L^ ^ 
of M n (k). The conformal factor is an increasing function of k: this precisely means that the conformal map 

IW) oU- M \ {k) : (M n (k),L* n{k) ) (M n (k'),L* n(kl) ) 

decreases the lengths when k > k' . 

Now notice that S n is equal to M n (K n ) for K n = —1/ cosh 2 (6>„). As definitively K n < —1/2, the map 

j n = a- 1 o n s „ o n-l ( _ 1/2) : (M n (-l/2),L* n{ _ 1/2) ) -+ (S,L*J 

decreases the lengths. 

Since M n converges to an hyperbolic end M^, the surface M n (— 1/2) converges to Afoo(— 1/2) in C°°- 
sense. This means that M n can be concretely realized as a hyperbolic metric <?m„ on 5 x [0, +oo) such that 
M n (- 1/2) = S x {1} and such that gu n converges to a hyperbolic metric gu^ and M 00 (— 1/2) = S x {1}. 
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Then the family of 1-Lipschitz maps j n converges to the map joo = cr^ 1 o Tls^ ° n M (-1/2) : -^°°( — 1/2) — > S, 
which is a homotopy equivalence. 

Let joo and j„ be the lifting of those maps to the universal covering. Notice that joo is a proper map. If K 
is a compact subset of S, then K' — j^{K) is a compact subset of S x {1}, and K' n = j^ 1 ^) is contained in 
some compact neighborhood of K' for every n. In particular, there exists a constant C' K such that the diameter 
of K' n with respect to ifj (_ 1 / 2 ) * s bounded by C' K for all n. Taking Ck bigger than C' K , it follows that the 
diameter of every K' n with respect to ifj (_ 1 / 2 ) i s bounded by Ck- Since j n decreases the lengths, we have that 



the diameter of K with respect to Ig is bounded by Ck for n large enough. 



□ 



Lemma 6.11. For every d > there is a compact set K in Ad§ 3 such that for p £ S with dh(p,po) < d, the 
normal vector v n {p) of F n at 4>n{p) ties in K. 



2D 



2D 



Proof. Lemma fc.lOl implies that for any d > 0, there is D > such that for any n and any p g B^(po,d) there 

exists a path ? : [0, 1] — > 5 connecting p to p such that (?) is bounded by D. 

s„ 

We claim (and will prove below) that this implies that 

(35) \(x ,v n (p))\ < 2e 

(36) \(vo,v n (p))\ < 2e : 
It follows from this claim that v n {p) is contained in 

K = {w G Ad8 3 |(£ ,ii;) < 2e 2D and (D ,w) < 2e 2D } 

which is a compact subset of AdS 3 , and the lemma follows. We now turn to the proof of the claim. 
We fix n and consider the following functions: 



a(t) : 
o*(t) 



(5o,^n (?(*))), 

(£o,0n(f(*))), 



aj_(i) 



(So^nO^*))) , 
(fo^n (?(*))) • 



Notice that a is a positive function since x$ and (/>„(?(£)) are contained in a spacelike surface. Moreover, since 
the surface F n is convex, the plane orthogonal to v n (^(t)) is a support plane for _F n , so it is not difficult to check 
that also a± is positive (see Figure [5]). 



i 


L 

*n (?(*)) 


Xq 









(x,v n (£(t))) < 




We can decompose So as 



FIGURE 2. The product (io, (?(£))) is negative. 



x = a(t)^(f(t)) + a_L(tK(<r(t)) + i5(t) 



with £i(i) £ (<;(()) F„. Imposing (io,io) = — lj we deduce that ||w(t)|| < a + a±. 
On the other hand, ||w(i)|| < II^WH/j and so 

a = (x ,4>n o ?) = (v, #n(f)) < (a + a±_)\\^\\j ln 
aj_ = (x ,B Pn (#„(?)))< (a + a±)\\Bp < (0 + ox)^||«1k* • 
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Since /Jf dominates both h n and -f-h!^ we see that 

[> + <z ± )(0) = 2 

I d + dj_ < 2(a + aj_)||?|L# 

and by a simple integration we have a + a± < 2e 2D . 

A similar argument can be applied to a* and a* ± using the fact that the path z/ n (f(t)) is contained in the dual 
surface F*, that is the surface made of normal vectors of F n . Indeed, there is a natural map 0* : S — >■ F* that 
sends a point p to the point dual to the plane tangent to F n at <p n (p) . The corresponding embedding data are 

(37) Ip, = M Pn = sm 2 (6 n /2)h n , Bp* = -l/tan(0„/2)&; 1 . 

In particular, F* is a past-convex spacelike surface, and the previous argument shows that a* + a* ± < 2e 2D . □ 

Proof of Provosition [679\ We will consider the product model of Ad§ 3 = H 2 x S 1 , where the metric at some 
point (£, e 1 ®) is 

where x(£) = coshd H 2 (£, £ ), where £o is some fixed point (see [7]). 

By a lemma of Mess [20], the image of <p n is the graph of some function H 2 3 £ i— > e tSn ^ € S 1 that satisfies 
the following spacelike condition 

(38) ||grad(s„)|| <1/ X . 

We can also suppose that (f> n (po) is the point Xq = (£o?0) and the normal vector of F n at Xq is the unit 
vertical vector. 

By (|38|) . the functions s n are uniformly Lipschitz on compact sets of H 2 . So, up to subsequence, F n converges 
to a surface F^ which is the graph of some limit function Sqo, that verifies |jgrad(s oc )|| < 1/x almost every- where. 

In order to show that F^ is spacelike, we need to prove that Sqc verifies the strict inequality (I38[) almost 
everywhere. Notice that the projection 7r„ : F n —> H 2 increases the length, so the disk D in H 2 with center 
(£o, 0) and radius r is contained in "K n o(j> n (Bp (xq, r)). By Lemma l6.ll! the normal vectors of F n on the cylinder 
based on D are contained in some compact subset K (independent of n). 

Since the normal vector at (£, s„(£)) is the vector 

Vl-X 2 llgrad(,,)|| 2 (^^^^ + W 

under the natural identification T(H 2 x S 1 ) = TBI 2 TS 1 , we deduce that there exists e depending on K, such 
that 

||grad( S „)|| < (l-e)/ X 
for every £ £ D and every n. This shows that F^ is spacelike. 

Moreover, the restriction of the projection n n 4>n ■ (S, h) — > M 2 on Bz(po> r ) is C-Lipschitz, for some constant 
C depending only on r. Indeed, given a vector v € TpS, let v n = d<j) n (v) and u n — dir n (v n ). We have that 
v„ = u n + (grad(s n ),u„) J^, so cos 2 {6 n /2)h n (v, v) = (v n ,v n ) > \\u n \\ 2 - x 2 ||grad(s„)|| 2 ||u, i || 2 > e||u„|| 2 . 

Since h n — > h, there is C such that the identity map between (5, h) and (S, h n ) is C'-Lipschitz for every n. 
It follows, after taking a subsequence, (7r„ o <p n ) converges to a map n'^ : S — > H 2 , so (^ n ) converges to the map 
4>oo{P) = K„(p),Sao (<»(£))• □ 

We can prove now that the holonomy p n : 7r 1 (S l ) — > 7somo(Ad§ 3 ) of N n converges to a limit representation 
Poo for which (p^ equi variant. 

Lemma 6.12. If 4> n converges to a space-like embedding (p^, then the representation p n converges to a repre- 
sentation poo : ni(S) —> Jsomo(AdS 3 ) such that Foo is poo-equivariant. 

Moreover, the left and right components o//9oo are discrete and faithful representations ofiri(S) into PSL^M). 

Proof. First we prove that, for every 7 £ wi(S), the sequence p n {l) is bounded in 7somo(Ad§ 3 ). 

Recall that we are assuming that n (po) = So for all n and that the normal vectors v n {po) are equal to vq. 
Now the p n (j)(xo) = 4>n{lPo) form a sequence converging to xq = 4>oo{lPo) and the p n (l)(^o) converge to a 
unit timelike vector Pq at Xq orthogonal to some support plane of F^ . 

This implies there is a bounded sequence of isometry of Ad§ 3 , says r n , such that 

T n Pn{l){xo) = Xq , T n p n (j)(i> ) = £> 
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Now the set of isometries that fix xq and is compact; so, after taking a subsequence, T n p n {^) — > f. Since up 
to passing to a subsequence we also have r„ — > t^, we can deduce that p n (l) — > t^ 1 o f . 

To prove that p n is converging, it is sufficient to check that two converging subsequences of p n share the same 
limit. On the other hand, suppose that p^ is a limit of a subsequence of p n , then p^ makes </>oo equivariant: 

<t>oo(lP) = Poo(l)<Poo(P) ■ 

This relation uniquely determines the action of p^ (7) on Foo ■ Since two isometries of AdS 3 that coincide on a 
spacelike surface are equal the result follows. 

The fact that the left and right representations tti(S) — > PSL2(R) corresponding to p^ are faithful and 
discrete is a consequence of the fact that they are limit of faithful and discrete representations. □ 

If ((f>ni) is a convergent subsequence of (</>n), then Lemma 16.121 implies that N ni is a convergent sequence of 
spacetime. Let be the limit of such spacetimes. Its holonomy is by definition the limit of the holonomies 
of the N n . In particular, we can concretely realize N n as an AdS metric gx n on S x K, in such a way that </jv„. 
converges to an AdS metric g^^ as tensors onSxl and (S x R, gN^) — -Woo- 

Proposition 6.13. F ni converges to the lower boundary <9_C(-/Voo) of the convex core of Noq. Moreover, the 
induced map 

4,00 : (S,h)^d^C(N QC ) 

is an isometry. 

The proof of this proposition is based on the following lemma. 

Lemma 6.14. If N is a MGHC anti de Sitter spacetime and N(k) is a Cauchy surface of constant curvature k < 
— I , then the Lorentzian distance of any point of N(k) from the convex core of N is smaller than arctan + k}. 

Proof. We consider the point xo on N(k) with the biggest distance from the convex core. If d is the distance 
between xq and the convex core, then it is well known that d < 7r/2 and there exists a timelike geodesic segment 
<j joining the point Xq to a point j/q on the boundary of the convex core with length equal to d [5]. 




xo TV 



FIGURE 3. Estimating the distance between N(k) and C(N). 

We consider now a lift q of <; to the universal cover N C AdS 3 (see Figure . The plane S through yo 
orthogonal to ? is a support plane for the lifting of the convex core. Let S d be the surface of points in AdS 3 
whose distance from S is d. It is a convex surface of constant curvature —1/ cos 2 (rf). Clearly, xo lies on E d and 
N(k) is contained in the convex side bounded by S d . In particular, N(k) and E. d are tangent at xq and, by the 
maximum principle, the curvature of N(k) is less than the curvature of S d at xq. 

We deduce that k < — 1/ cos 2 (d), which implies that tan(e?) < ^T+~fc|. □ 

Proof of Proposition \6.13\ Since the metrics gN n . converge to gN^ , the convex cores of the N ni converge to the 
convex core of JVoo . (Since the metrics converge, the holonomy representations converge and so that their limit 
set in <9ooAd§ 3 converge; therefore also their convex hulls, so the convex cores converge.) 

In particular, the lower boundary d-C(N ni ) of the convex core of N ni converges to d-C(N oa ). By Lemma 
16.141 the distance of any point of F ni from d-C(N ni ) is smaller that 9 ni /2. This implies that F ni converges to 
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In order to prove that the map : (S,h) — > d-C^Noo) is an isometry, it is sufficient to show that </>oo 
increases the distances. Indeed, both (S,h) and d-C(N oa ) are hyperbolic surfaces and ^>oo is an homotopy 
equivalence. 

We will prove that the lifting 0^ : (S, h) — > d^C(Noo) increases the lengths. Given p,q <E S, we consider any 
path <f : [0, 1] — > S connecting p and q such that 

• d-C(Noo) is smooth at almost all points of Soo '■= 4>oo ° ?; 

• ^(?oo) < rfoo(ioo, 2/oo) + e- 

where ioo = <fioo(p) and = (ftoo(<j) and is the distance in 9_C(7Voo). 

In the model H 2 x 5 1 of AdS 3 , the surfaces F n are graphs of functions e ls ™ : H 2 — > S 1 converging to 
glSoo : n 2 ^ 5 1 such that d-CiN^) is the graph of e 4S °°. 

We have ^(t) = (£(t), e 4S =(«(*») with £ : [0,1] -> H 2 Lipschitz function. Take s n (t) = (£(*), e 4S " ^*»). For 
any smooth point i = (£, e ls °°^) of 9_C(iV 00 ) we have grad(s„)(£) — > grad(s oc )(^). Indeed, by convexity, 
tangent planes of F n converge to support planes of d-C(N oa ). 

By Lebesgue Theorem we have 

*(&.) = \Ju\\ 2 -x(0(ig™a(sn)) 2 dt -> f 1 J\\i\\^x(0(ig^d( Soo )ydt = 

Jo Jo 

since ^/ ||f|| 2 — x(£)(£> grad(s„)) 2 are all dominated by ||£||, which is an integrable function. 

Since the endpoints of f„ correspond to points x n = ip n {p n ) and y n = tp n (qn) with p n — > p and q n — > g, we 
deduce that d^p^q) < (^(Joo, j/oo) + e. Since e can be chosen arbitrarly small, 

(39) d- h (p,q) < doeix 

□ 

So far, we have shown that N n is contained in a compact subset of the space of MGH AdS structures, and 
any convergent subsequence of <f> n : S — >• N n converges to an isometric embedding : (S,h) —> Noo, whose 
image is the lower boundary d-C(Noo) of the convex core of Noo- 

Let Aoo be the bending lamination of d-C(N aD ). We will prove that A^ = A/2. Since the length spectrum 
of the third fundamental form Mp„ converges to the intersection spectrum of A/2, it is sufficient to prove that 
it converges also to the intersection spectrum of the bending lamination of d-C(N ao ). 

Now, let F* be the surface dual to F n . Points of F* are dual to tangent planes of F n and F* is a past-convex 
surface of constant curvature — 1/ sin 2 (# n /2) as ([57)1 shows. 

Clearly, F* is invariant under the holonomy action of 771(5), so it is contained in N* and its quotient is a 
Cauchy surface F* of N*. By (|3"7]l . the length spectrum of F* is equal to the length spectrum of the third 
fundamental form Mp n . 

The boundary of the domain Noo in AdS 3 is the union of two disjoint achronal surfaces: the past and the 
future singularities of N^, that are clearly invariant under the action of iri(S). 

By Proposition 16.71 the length spectrum of F* converges to the length spectrum of the action of tti(S) on 
the future singularity of (notice indeed that since F* is past-convex, in order to apply Proposition 16.71 we 
need to exchange the time orientation). On the other hand, by [5] the length spectrum of the future singularity 
of coincides with the intersection spectrum of the bending lamination of the lower boundary of the convex 
core of Noo. 

Combining these facts, we deduce that 

^M Fn (l) -> t(Aoo,7) 

so Aqo = A/2. 

6.3. Asymptotic behavior of the measures ti(b n )u>h n - Let (h n , /i*)„ s n be a sequence of normalized hy- 
perbolic metrics on 5* such that h n converges to h and h* n converges to [A] in Thurston boundary of Teichmuller 
space, and denote by b n the operator associated to (h n , ft*) provided by Corollarv ll.5l 

Moreover, let (0 n ) n eN be a sequence such that 9 n ih* n converges to t(A, •) in the sense of spectra of closed 
curves. 

In this section we study the asymptotic behavior of tr(6 n ): roughly speaking, it concentrates around the 
/i-geodesic representative of A. Hence, we will always refer to A as to such an /i-geodesic representative. 
These results will turn useful in the proof of Theorem 16.11 and in Section [7J 
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Proposition 6.15. Let V C S a closed subsurface such that dV is smooth and does not intersect A. Call Ay 
the h-geodesic sublamination A n V . Then 

tr(b n )uj hn -t £ h {X v ) ■ 

where u g is the area form associated to g. 

In order to prove Proposition 16.151 we need the following lemma that is analogous to Lemma 16.141 

Lemma 6.16. Let M be a hyperbolic end associated to some projective structure on S, and let M{k) be the 
surface of constant curvature k with k G [—1,0). Then the distance of any point of M(k) from the boundary of 
M is at most arctaiihyl + fc. 

The proof of Lemma \6. 161 is essentialy the same as in Lemma [6.141 We leave the details to the reader. 

Corollary 6.17. The family of isometric immersions o~ n : (S , cosh 2 (9 n /2)h) — » H 3 converges to a bending map 
Coo : (S,h) H 3 , with bending lamination A/2. 

Proof. Since a n are uniformly Lipschitz as maps (S,h) — > H 3 , they converge up to subsequences to a locally 
convex surface. Combining Proposition 16.21 and Lemma 16.161 we deduce that this surface is the bent surface 
corresponding to Grw 2 (5). □ 

Proof of Proposition 1 6. 1 51 We consider the embedding a n : S — > S n € M n inside a hyperbolic end M n such 
that 

I 3n = cosh 2 (9 n /2)h n B Sn = tanh(6»„/2)6„ . 

The projective structure G„ at the ideal boundary of M n converges to G M = Gr\n{h) (Proposition I6.2|) . Call 
Mqo the hyperbolic end determined by the CP 1 -surface Goo. 

A simple computation shows that the area element of S n with respect to Lf is w 7 # = (cosh 2 (#„/2) + 

sinh 2 (6' rl /2) + sinh(0 n /2) cosh(0„/2)tr(6 Tl ))a;ft, ?l and so the area of a n (V) is 

(40) Area lf (V) = \ Area hn (V) + y j tr(b n )ui hn ^ (1 + o(9 n )) 

As before, we can identify M n U G n = (S x [0, oo), gM n ) U S x {oo} in such a way that: 

• the developing map dev n : S x [0, oo] — > H converges to devoo (and so gu n — > ffM^); 

• a n converges to the pleated surface CToo : S — > (S x {0},^/^) 

Call d d M n the surface in M n at distance d from the boundary and let Hgd Mn : G n — > d d M n the projection 
introduced in Lemma 16.101 

There exists two numbers e„ < S n such that S n is contained between d in M n and d Sn M n and, by Lemma 
16.161 S n — > as n — > +oo. 

By the monotonicity result proved in [28] . 

ns- m„ ( 4~ m„ )<n* Sn ( if n ) < n* dSn Mn ( i* n Mn ) . 

If A„ is the bending lamination of M n , the grafted metric on d d M n makes it isometric to e 2d ga n , where go n is 
Thurston metric on the projective surface G n = Gr\ n (dM n , gM„)- 
So we deduce that 

e 2 ^uj Gn <n* n ( W/ # )<e 25 "w G „ 

and so 

(41) e 2e "Area Gn (U^(a n {V))) < Area lf (V) < e 2K Area Gn (U^(a n (V))) . 

Since G n — > Goo, their Thurston metrics converge to g Goa - We claim that llg (a n (V)) converge to 
n^ 1 (ctoo(^)) in the Hausdorff sense, and so 

(42) Area I# (V) -)• Area Goo (n s ^ (^(V))) = Area h (V) + h h (\ v ) 

by Equation (gTJ). 

The result will follow by comparing Equations (14TJ1) and (|4^|) . 

In order to prove the claim, it is enough to prove that 9IIg 1 ((T„(V')) — » Sllg 1 (ct oq (V')), which would follow 
from the fact that fig 1 o a n \gy converges to LT^ 1 o a^gy. 
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Notice that Hs n is a diffcomorphism, and 11^ 1 o (Tool ay is well-defined and continuous since dV does not 
intersect A. 

Let {p n )n e n be a sequence of points in dV such that p n — > p. The point n^(a„(p„)) is the ideal point of the 
horocycle U n tangent to S n at <f n (p n ). By convexity of the surfaces S n , one can easily see that U n converges to 
a horocycle Uoo tangent to Soo at CToo(p)- Since p ^ A, such a Uoc is unique and so its ideal point is necessarily 

n s»- ' D 

Corollary 6.18. Let h n be a sequence of hyperbolic metrics converging to h, and let h* n be a diverging sequence 
of metrics. Then, (9 n £h^{l))neN is bounded for every 7 6 t^i{S) if and only if 9 n f s tr(b n )ujh n is bounded. 

6.4. Proof of Theorems ITTT21 and I67H 

Proof of Theorem \1.1 6 A Let us fix a hyperbolic metric h on S and a sequence of hyperbolic metrics h* n converging 
to a point [A] in Thurston boundary of T . Fixing a sequence 9 n such that n £h^ converges to t(A, •), let us set 

L eiSn (h,K) = (h x n ,h 2 n ). 

In subsection 16.21 we have shown that h\ — > £7w 2 (/i). To conclude the proof we need to prove that 

(43) 6 n e K ^i(\,.), 

The main issue to prove (|4"3")l is to show that for every 7 € tvi(S), there is C = (7(7) such that 

(44) Mhj(7)<C- 

Corollary 16.181 indicates that, in order to prove (|44|) . it is sufficient to bound 

0„ / tr(i/ n )wM 



where 6^ is the /i^-self-adjoint operator such that /i^ = hl(b' n », Now we have that 6'„ = (3' n b n f3 n 1 where 

(3 n = cos(9 n /2)E + sm(9 n /2)Jb n and u^i = det(/3„)o;, i = u^. So, 6>„ J s tr(6' l )w, l i = 6>„ J s tr(b n )u h that in turn 
is bounded since (7) is bounded for every 7 6 Tri(S') by hypothesis. 

It follows that there exists a measured geodesic lamination fi such that, up to passing to a subsequence, 
Ond-h 2 ~^ •)• To show that /i = A, notice that by Proposition 16.81 we have that 



(45) Ll^ihlhD^E^h^) 
On the other hand, we have that 

L\ ian {hi, h 2 n ) = L\ iSn (L e! «„ (h, h*)) = L^*, (/i, /£) • 
So, applying again Proposition ^. 8[ we obtain that 

(46) Ll Un (hi,h*)^E x (h) = E x p{h 00 ). 

Comparing (j45]l and fj46]) we conclude that i?A/2(^oc) = E ll / 2 (h oc ) and so A = /i. □ 

Proof of Theorem \6.1\ Let /i and h n as above. For all z — t + is € H, we have to prove 

(47) P' 6nZ {h, K) -> Gr sA/2 (£_ tx/2 (/i)) . 
Recall that Pg nZ (h, /i*) = SGrg nS o L'_ e t (h, /i*). Note that if we put 

L'_ ent (/iX) = (M) 

Theorem 11.121 shows that /i* — > /i M = E^ t \/ 2 (h) and 6*„£^2 A. 
Applying Proposition 16.21 we conclude that 



P'eUK K) = SGre nS (hl, hi) -> Gr sX/2 (E_ tx/2 (h)) . 



□ 
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6.5. Convergence of the distances. The aim of this section is to study the asymptotic behavior of the 
sequence of distances induced by the metrics n h n introduced in the previous section. By our assumption, 
the length spectrum of h n rescaled by 6 n converges to the intersection with A. Notice that this assumption 
only concerns the isotopy class of h n . On the other hand, once we concretely fix h, the metric h n is uniquely 
determined in its isotopy class by requiring the the identity map (S, h) — > (S, h n ) is minimal Lagrangian. The 
result we consider in this section deals with the asymptotic behavior of h n considered as concrete metrics on S. 
Clearly, these results are valid for this choice of gauge, and are no longer valid if we change /i* by some isotopy. 

Notice that the representative A of a point in Thurston boundary of T(S) can be chosen to be a measured 
geodesic lamination for any hyperbolic metric on S. In order to study the behavior of /i*, it is natural to fix A 
as the concrete measured geodesic realization with respect to the metric h. 

Let us fix a universal cover S — > S and denote by h and h n the pull-back of the metrics h and /i* on S. 
Finally let A be the pull-back of A on S. 

Proposition 6.19. For every p, q E S \ A we have 

(48) O n d~ K (p,q) -n(5,A) 

where a is any smooth path in S joining p to q and meeting each leaf of A at most once and transversely. 
Moreover, the convergence is uniform on compact subsets of S \ A. 

Theorem ll,13l is a direct consequence of this statement, so that its proof will be a consequence of the proof 
of this proposition. 

First, notice that it is sufficient to prove Proposition l6.19l after rescaling 9 n and A by some arbitrary factor. In 
particular, we may assume that the projective surface Gr\/2{S, h) is quasi- Fuchsian. This technical assumption 
will simplify some steps of the proof. 

First we show that 

Lemma 6.20. 

(49) liminf 9 n dy (p, q) > i{pt, A) . 

Proof. Let M n be the hyperbolic end introduced in Section |6~T1 with h n = h and let a n : S — > M n be the lifting 
of the embedding a n : S — > M n . By Proposition ^. 2[ M n converges to the hyperbolic end facing Gr x /2(S, h). In 
particular, we may assume that M n are all quasi- Fuchsian, so that M n is a concave region of H 3 . 

By Corollary 16. 171 the family of embeddings (er„)„ e N converges to the bending map (Too : (S, h) — > H 3 , with 
bending lamination A/2. 

Let f* : »S* — > dM* be the 1-Lipschitz map defined in Lemma [6.51 We denote by S„(p) the plane in H 3 
corresponding to f*(cr*(p)) and by E n (q) the plane corresponding to r*(a*(q)). 

We have that S„(p) and S n (g) are both support planes of dM n . Let us put L n — d d ^j„ (rn(cr*(p)), f*(a*(q))) . 
Since f n decreases the distances we deduce that 

Q 

(50) i n < d Bn ((J n (p), CT„ (q)) - y dfy (p, (?) . 

We claim that S n (p) and S„(<j) converge to the support planes of dMoo at eroo(p) and (7oo(9) respectively. 

Let us explain how the conclusion follows. The claim ensures that it is possible to construct a sequence of 
arcs a n : [0, 1] —> dM n such that 

• each a n intersects each leaf of A„ at most once and transversely; moreover end-points of a n are contained 
in dM n \ A„; 

• end-points of a n are close to S„(p) and 2„(g) in the sense that d d] fo* (a*(0), r* (cr* (p) ) ) and 
a dM* (<(!), <(<(?))) converge to 0. 

• a n converges to a path ctoc connecting the stratum of dMoo \ A containing a^p) with the stratum 
containing <7oo(g) 

Thus we have t(A/2, a) = t(A/2, ctoo) — lim„ t(A n , a n ). By ([32]) t(A n , a n ) = d gj fr (& n (0), a*(l)), so we conclude 
that 

t(A/2, a) = lim i n 

n 

and the conclusion of the Lemma follows from (|50p . 

In order to prove the claim recall that f* sends any point x* of 5* to a point in dM* that lies in the past of 
x* (Lemma I6.5p . 
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FIGURE 4. Convergence of the support planes. 

This implies that H„(p) and T an (0\S n are disjoint planes. In particular we deduce that H„(p) separates a n (p) 
from dM n (see Figure HJ. This easily implies that H n (p) converges to the support plane of dMoo at a oo(p) (that 
is unique by our assumption that p does not lie on A). Analogously S„(g) converges to the support plane of 
SMoo at CToo(g). □ 

To conclude the proof of Proposition 16.191 we need to show that 

(51) lim sup 6 n d- h ^ (p, q) < t(a, A) . 

In order to estimate Ond^* {p, q), we need the following result. 

Lemma 6.21. Let U be any convex smooth surface in H 3 and let x,y £ U such that the support planes 5j and 
Sy at x and y intersect. Then the distance between x and y with respect to the third fundamental form of U is 
less than the angle between 2j and S y . 

We first prove a 2-dimensional version of this lemma. 

Sublemma 6.22. Let ^ be a convex curve in H 2 joining two points x,y. Suppose that the support lines l& and 
ly at x and y intersect. Then the angle they form is bigger than the integral of the curvature of ?. 

Proof. By Gauss-Bonnet formula, the area bounded by 1%, ly and ? is equal to the difference between the wanted 
angle and the integral of the curvature. □ 

Proof of Lemma \6.21\ First we translate the condition that planes intersect in terms of a condition of dual 
points x* and y*. Recalling that x* and y* are unit vector orthogonal to the planes (and pointing in the 
concave region bounded by U), we easily derive that Sj and Hg intersect if and only if the segment k* joining 
x* to y* in d§ 3 is spacelike, in which case the angle between and coincides with the length of k* . 

Let II be a timelike plane containing k*. Since U* is an achronal surface, U* fl II is a curve containing x* and 
y* . Let ?* be the segment on U* n II connecting x* to y* . Clearly, the length of ?* is greater than the distance 
on U* between x* and y*. In order to conclude, it is sufficient to prove that the length of <;* is less than the 
length of k* . 

Notice that this is a 2-dimensional problem. In fact, let T be the timelike linear 3-space in R 3,1 such that 
II = T n dS 3 . The intersection T n H 3 is a hyperbolic plane denoted by A. Points on II correspond to planes 
of H 3 that orthogonally meet A. In particular, points on II bijectively correspond to lines on A and points of A 
correspond to spacelike lines of II. 

Consider the curve f on A of points corresponding to support lines of <f*. Notice that support lines at the 
endpoints of <f are n A and n A, so the angles these lines form is equal to the angle between and Sy 
and it is equal to the length of k* . On the other hand the length of <;* is equal to the integral of the curvature 
of q. Thus the conclusion follows from Sublemma 16.221 . □ 

Given any geodesic <f € (5*, h), we say that cr n (f) is a short path if the support planes at c n (f(0)) and <j n (<f(l)) 
intersect. If cr n (<f) is a short path, then we denote by ry n (<f) € (0, n) the angle between the support planes at its 
endpoints. 

Analogously, we say that Coo (?) is a short path if the endpoints of (?) are outside the bending lamination 
and the corresponding support planes intersect. In this case, ?7oo(?) is the angle between such planes. 
Clearly, if (?) is a short path, then o~ n (?) is definitively a short path and r\ n (?) — > rjoo (?) . 

Lemma 6.23. There exists eo such that if a : [0, 1] — > S is a geodesic path for h of length less than £q, then 
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• (700(a) is a short path; 

• i(5, A) < 7700(a) < (1 + i- h {a))L(a, A) 

Proof. The first point easily follows, since Soq is invariant under the action of a co-compact group of isometries 
ofH 3 . 

About the second point, notice that the first inequality is given by Lemma 16.211 The second inequality is 
more subtle. Choosing e sufficiently small, we can suppose that either a intersects only one isolated leaf of A 
or it intersects no isolated leaf. In the first case the second inequality is obvious. 

Up to taking a smaller e , we mav suppose that, if T is a hyperbolic triangle with an edge e of length I < e 
and the angles #i,i?2 adjacent to e less than 7r/4, then the area of T is less than l$2- Now take a geodesic a on 
S of length less than e which does not intersect the isolated leaves of the lamination. Taking any subdivision 
a(0) = pi, . . . ,p m +i = <S(1) of a, we consider the support planes Ej of <Joo(S) at Uooifti). If the subdivision 
is sufficiently fine, then the angles i?j between Ej and Ej+i are less than ir/4. Now consider the boundary dK 
of the convex set K obtained by intersecting the half-spaces bounded by Si, . . . , S m+ i and containing a oa (S). 
Notice that dK is a finite bent surface: indeed, its bending lines are Ej n Sj+i for every i such that Ej and Ej+i 
are different. We claim that 7700 (<5) < (1 + Taking a sequence of arbitrary fine subdivisions, we 

have that ^2 ~^ L i^i A), so the second inequality follows from the claim. 

In order to prove the claim we use an inductive argument. Notice that, if Si,S2,S3 are distinct, then 
Si n S2 n S3 = 0. Thus, there is a plane A orthogonal to all of them. The triangle T obtained by intersecting 
A fl Si, A n S2 and A n S3 has angles $i,i?2 and 7T — $1, where di is the angle formed by Si and S3. 




Notice that the length of the edge between $1 and #2 is less than the distance between pi and p2, and so 
it is smaller than eo- We conclude that the area of T is less than d% (^1,^2)^2- In particular, we deduce that 
tfi <i?i + tf 2 (l + 4(Pi = P2)). 

If at least two planes among Si,S2,S3 coincide, then the area of T is zero, and so #1 = i?i + $2 < i?i + 

02(l + «fc(pi,P2)). 

Apply now the same argument to the planes Si, ^,3,^,4. If $2 is the angle formed by Si and S4, then 
i?2 < $1 + #3(1 + ^h(Pi)P3)) - ^1 + ^2(1 + ^(pi,_P2)) + #3(1 + d~ h (pi,P3))- Iterating this procedure, we deduce 
that the angle between Si and S m is bounded by #i+i?2(l+dft(pi,P2)+i?3(l+d£(pi, pa))+. ■ ■+fl m {l+dj l (pi 1 p m )) 
and this quantity is less than (1 + ti,(a)) ^i- ^ 

We can now prove (j51[) . Fix e < e and subdivide the geodesic a joining p to q into segments a$ of length 
less than e. Let p = Pi,P2j • • • ,Pm+i = <? be cndpoints of such subdivision. 
For n large, o~ n {6ti) are short paths and so by Lemma 16.211 



limsup dw Sn (p, q) Vi^i) 

i=l 

On the other hand, applying Lemma l6.23l we deduce that 

m 

£»?(5i) < 4(fi,A)(l + e) 

i=l 

The uniform convergence follows from the fact that the whole argument works as well, if we consider sequences 
of points p n — > p and g n — > q belonging to a compact subset of S \ X. This concludes the proof of Proposition 

EM 



A CYCLIC EXTENSION OF THE EARTHQUAKE FLOW 



33 



7. Behavior of the centers 

In this section we want to discuss the behavior of the centers c„ when h is fixed and h* n — > [A] in Thurston 
compactification. Our aim is to prove that the limit point (s) of c n does not only depend on h and [A] but also 
on the sequence /i* . As a consequence, we will see that the analog of Theorem ll. 121 does not hold if the sequence 
of centers (c„) converges to a projective measured lamination, see Corollary 17.31 

Fix a hyperbolic metric h on S and let c' be a point in the boundary of the augmented Teichmuller space of 
S. Then c' can be considered as a complete hyperbolic metric of finite area on S \ T, where T is the disjoint 
union of simple closed curves 71 , . . . , 7; . Up to isotopy, we can assume that 7, is a geodesic for h and we denote 
by ti the /i-length of 7,;. We will also denote by S the surface obtained from S by collapsing each 7, to a node 

Vi. 

We recall a construction of an infinite energy harmonic map / : (S\T,c') —> (S \ T, h) by Wolf |34j. For every 
i = 1, . . . , I, choose a sequence s^ n — > +00 with s^ n > 1. Let Ui^(s) and Ui t -(s) be the cusps of (S \ T, d) 
bounded by horocycles of length 1/s near z/j and let Ui(s) :— Ui.+ (s) U Ui t -(s) and f/j(s) := Ui(s) U 7,. 

Fix an isometry : -> U/(0,y) — (l,y) with [7 = [0, 1] x [1, +00) C H and put on the flat 

metric |^| induced by the quadratic differential = £* % (dz 2 ). 

Define a new metric c on S \ T which 

• agrees with d outside (L Ui(l) and with on each 11^,(1), 

• is conformally equivalent to c', 

• c is smooth away from dUi(l). 

Let C/".(s) be the annulus C/ i ,.(s)\t/ i) .(s i , n ) and call I7f(s) := C/" + (s)UC/^_ (s). We denote by : C/™.(1) -> 
[7/ ~ the restriction of 

Then S'n is obtained from S* by removing Ui(si jn ) from the cusps adjacent to ji. Gluing the seams together, we 
obtain a compact surface S n with quadratic differentials "J" on U™(1) obtained restricting ^i, with distinguished 
geodesies 7™ corresponding to the seams and collars U, (s) = J7f (s)U^. We will also define £f : ^ (1) U/ ~ 
as 

l + 2i(s i<n + l)-^_{p) i£ P eUl_ 

Notice that the metric c n induced by c on S n detemines a point in T(S): we will denote by c' n the hyperbolic 
metric conformally equivalent to c n . 

Notice that, hidden in this construction, there is an arbitrary choice of twists associated to the gluings or, 
equivalently, to the charts 

Call f n : (S n , c„) — > (S, h) the unique harmonic map in the given homotopy class [5]. 

Theorem 7.1 (Wolf [34]). C/p to subsequences, /„ converges C 2 a to a harmonic map f : (S'\r,c) — > (5\r,/i) 
on the compact subsets of S\T. 

In each cuspU it .{l) of{S\Y,c), the H op f differential $ off looks like® = (£f /A+0(e- 2wy °^'))^i. Moreover, 
the energy density e(/; c, h) — > £ 2 /2 and the holomorphic energy density H(f; c, h) — > i 2 /4 as y o — > +00. 

We will assume throughout this section that we have already extracted a good subsequence (which we will 
still call /„) so that the above theorem holds. 

Now let h* n be the metric on S antipodal to h with respect to (/ n )*c„. Because of the theorem, /1* converges 
to some h* smoothly away from F. 

Proposition 7.2. Let 1 = b\ = ■ ■ ■ = b r > b r+ i > ■ ■ ■ > 6; > and put Si_ n — (ai/£i)t~* } where a.i > 
and t n — > +00. Then, up to subsequences, c n — > [6171 + • • • + bi"/i] and ft,* — > [aiji + • • • + a r "f r ] in Thurston 
compactification ofT(S). 

Corollary 7.3. If h is fixed and h* n — > [A] in Thurston compactification, then c n does not necessarily converge to 
[A] . If h is fixed and c n — > [A] in Thurston compactification, then h* n does not necessarily converge to [A] and so 
the cyclic flow centered at c n does not necessarily converge to an earthquake along A (with any normalization). 

In order to prove Proposition 17.21 we need to estimate the transversal length trl 7i (c^), that is, the width of 
a standard c^-collar of 7" bounded by hypercycles of length 1. 

Lemma 7.4. The extremal length of 7, at c n satisfies 

1 L 

— < Ext 7i (c„) < rr 

Ci + 2(ai/£i)tn 2aitr? 

and so trl 7i (c^) x 2b t logt„. 
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Proof. By construction, (C7™(1), c n ) contains a flat cylinder of circumference 1 and height 2(a,i/£i)t% and so the 
extremal length satisfies 

Ext 7s (c„) < — — ^ . 

On the other hand, consider a metric c n on S n which is conformally equivalent to c n , which agrees with c n 
on S n \ [Jj^i Uj and such that the c„-area of Uj is bounded by a fixed constant for j ^ i and the distance 
between the two boundary components of U™ is at least 1. For instance, one can define c n be rescaling c n by a 
factor which is constantly l/sj.„ on the regions U™(2) for all j ^ i, which interpolates between 1 and l/sj iTl on 
Uj(l) \ U™(2) for j ^ i, and which is constantly 1 elsewhere. 

Then l li (c n ) — 1 and the area Areac n (S) < C\ + 2(ai/£i)t^ where C\ is a constant that depends only on 
x(S) and k. Hence, 

Ext 7 .(c„) > 7- 

C 1 + 2(a. l /£ l )t b n ' 

As Ext 7i (c n ) — > 0, Maskit's estimate (see [18]) gives £ 7i (c n ) x 7rExt 7i (c„) and so trl 7i (c^) x — 21og£ 7i (c4) x 
26; logi„. □ 

For each i, fix an open neighbourhood Ai C (S, c) of z/^ whose closure does not contain any zero of and 
such that (Ai \ !/,-, |$|) is the union of two annuli. Moreover, choose standard ft-collars Ri C (S,h) around ji 
such that Ri C f(Ai). By Wolf's construction (see [34j), outside [j^f (Ri) the Hopf differential of f n 
converges C l a to $. 

Here we recall that, by definition, 

ft = 2(/„)*Re($„) + e(/„; c„, ft) c„ 
where e(/ n ; c„, ft) is the energy density; moreover, by Equation ([2]), 



(/ n )Jle(<J>„) = -ft((£; -&>,.) 

and so b n converges C 1 '" to 6 outside \J i R t . 

Notice that the horizontal (resp. vertical) directions of $„ are exactly the eigenspaces of b n corresponding 
to the smaller (resp. bigger) eigenvalue. 

Lemma 7.5. Fix a small e > 0. Up to shrinking Ri and for n large enough, 

_2 



(2 



< £ 



and 



q2 ^(f n ! ^"Hj ft) 1 



< 2e 2 



in every f n 1 (R i ). 

Proof. Up to shrinking Ri, we can assume that Ri C f n (U \ (3)) and there 



4 $ 



< e 2 /2 and 



±H(f;c,h)-l 



<e 2 /2 



where H(f; c, h) = ^\\df\\ 2 is the holomorphic energy density of /. 

As fn 1 \dR i f~ 1 \dR i , for n large enough f^ 1 (dRi) is contained inside U i (2). Moreover, (£™,)*3>r 
in a compact neighbourhood ifj,. of Cf«(/n 1 (dRi) n J7™.) and so 

4 



<e a /2 



in -fQ... Thus, 



4 



C^r 1 ! _ - 1 



< 



in iQ .. Because £™. is holomorphic and $ n /$^ is a holomorphic function on f n 1 (i?i), the same estimate holds 

in f^(Ri) for n large enough. 

In a similar way, if H n — H(f n ; c n , ft), then the energy density and the Jacobian of /„ are 

1$ |2 |$ n |2 
e(/„; c„, ft) = #„ + ,^„, 2g and J(/„; c„, ft) = #„ - ,^„, n „ > 
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which implies H n > |S„|/|*?| > (<?/4)(l - e 2 ) on f~ x {Ri). 
On the other hand (see 33 , for instance) 

A Cn log#„ = 2J n >0 

and so Ac log(4ff n /£?) > on C/"(2). As log(4i? n /£f) < e 2 /2 on df- l {Ri) for n large, we obtain # n < 
(£f/4)(l + e 2 /2) on f^ 1 (Ri) and so the wished estimate for e(/„; c„, h). □ 

Thanks to the previous lemma, we can draw a few consequences. 

Corollary 7.6. (i) The metric h* has nodes at T and /i* —¥ h* in the augmented Teichmiiller space. 

(ii) In the whole f~ 1 {Ri) found in the above lemma, the bigger eigenvalue k of b n is greater than l/2e for 
large n. 

Proof. As for (i), notice that h* n = — 2Rc($„) + e(/„; c„, h)c n - Because of Lemma 1731 for every e > there 
exists Ri such that, for n > n(e), the /i*-norm of {f n °{if)~ 1 )*d x is at most 2e^^ the /i^-norm of (f n o (£™)~ 1 )*d y 
is at most 2e£i. Thus, i-y^h^) < 2e£i and so £ 7i (/i*) — > 0. As /i* — > /i* on the compact subsets of 5 \ T, we 
conclude that /i* has nodes at 7$ and the sequence converges in the augmented Teichmiiller space. 

As for (ii), the two identities f*h — 2Re($„) + e(/„; c„, h)c n and f*h((E — 6 2 )•, •) = 4Re(<I>„), already seen 
in Section [3] Equation ([2]), give 

h((E-l%)(f n ),v,(f n ),v) 4Re($ n )(i;,i;) 

h((fn)*v,{f n )*v) 2Re($„)(v, v) + e(f„;c n ,h)cn(v,v) 

for any vector tangent v to t/"(l). Choosing v = [^)*d y , we obtain 

M(£-%)(/n)*M/nM < ^ 2 (-l+36 2 ) 
ft((/n).«, (/n)*«) " «? £ 2 

on C7™(1) n /,7 1 (i? 4 ) and so 1 - k 2 < (-l/4e 2 ) + 1 there, that is k > l/2e. □ 

Up to subsequences, we can assume that h* n converges to a point [A] in Thurston boundary. Notice that A 
must be supported on 71 U • • • U 7; and so A = W171 + • • • + wiji with w%, . . . , wi > 0. 

We will show that [A] = [0171 + • • • + a r j r ], and so the result will not depend on the chosen subsequence. 
Let (# ra )raeN be a sequence of positive numbers such that 9 n ih* n — > i(A, •). 

Lemma 7.7. For every i, we have n liS^ n — > Wi as n — » 00. 

Proof. Let e > 0. We can choose a collar 7, C Ri C 5 such that tr(6„) > 2/e on R4 and |4$ n - < e 2 !*"! 
on f~ 1 (R i ) for n large. 

As J" 1 — > / _1 on 5 \ T, we can assume that there exists y > 1 such that J7 n (l) D f~ l (Ri) 3 ^C(y) f° r n, 
large. 

By abuse of notation, denote just by (x, y) the Euclidean coordinates on Ri given by the parametrization 

By writing the relation 4i?e($„) = h((E — o 2 )»,») in coordinates on Ri and taking the determinant, we 
obtain 

(52) (1 + 77(e))*? dx A dy = y/tv{b n ) 2 ~ 4 w h 

where \r)(e)\ < e 2 for n large, by Lemma [731 

By Corollary EHii), (1 - e 2 /2)tr(6„) < ^Jtr(b n ) 2 - 4 < tr(6„) for n large. 
Multiplying by 9 n both hand sides of ([521 and integrating over i?^, we get 

(53) n (l-e 2 /2) f tv(b n )Lu h <0 n (l + n(e))£ 2 [ dxAdy<9 n [ tr(b n )u h 

JRi JRi JRi 

Now, 

(54) M?(*,n -y)< 9 n l 2 [ dxAdy< 9 n £ 2 s hn 

JRi 

and 9 n J R tr(& n )u>/j — > Wiii by Proposition 16. 151 

The result follows by comparing Equations (|53|) and (|54l) . □ 
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Proof of Proposition \ 7. 2\ By Lemma 17.41 and Maskit's estimate, we immediately obtain that c n — > [&171 + • • • + 
bai]. 

By Lemma \7. 71 

— = lim - — — = lim — j— 

which shows that [A] = [ai7i + • • • + a r j r ). □ 

8. The landslide flow on the universal Teichmuller space 

In this section we show how the construction of the landslide flow L extends to the universal Teichmuller 
space. We believe that this S 1 action on the product of two copies of the universal Teichmuller space can be of 
independent interest, but limit our investigations here to its definition and to checking that it is non-trivial. 

8.1. Minimal Lagrangian maps and the universal Teichmuller space. The universal Teichmuller space 
l~u can be defined as the quotient of the group QS of quasi-symmetric homeomorphisms of the circle by 
composition on the left by projective transformations, see e.g. jlOJ . We will show here that the map L defined 
above extends to a circle action C on Tjj x Tij- This is based on the following statement. 

Theorem 8.1 ([7]). Let ip £ QS. There exists a unique quasi- conformal minimal Lagrangian diffeomorphism 
m : H 2 — > H 2 such that dm = -0. 

We call g the hyperbolic metric on H 2 , and V its Levi-Civita connection. It follows from the basic facts on 
minimal Lagrangian diffeomorphisms, as recalled in Section 11.31 that there exists a unique bundle morphism 
b : TU 2 TH 2 such that: 

• m*9 = g(b*,b»), 

• det(6) = 1, 

• b is self-adjoint for g, 

• b satisfies the Codazzi equation: d v 6 = 0. 

Since m is quasi- conformal, b has eigenvalues in [e, 1/e] for some e > 0, see [7]. 

8.2. An extension of L to the universal Teichmuller space. The construction of the 5 1 -action is based 
on the following definition and lemma. 

Definition 8.2. Let -tp g QS and let e 10 G S 1 . Let m : H 2 — > H 2 be the unique quasi-conformal minimal 
Lagrangian diffeomorphism such that dm = ■0, and let b : TH 2 — > TH 2 be as above. We call 

Pe = cos{9/2)E + sm(6/2)Jb 

and set g g := g(/3e;/3e») and g% = g(/3e +w ; (ie+ir*)- 

Lemma 8.3. With the notations above, gg and gg are complete hyperbolic metrics on H 2 . The identity map 
from (W 2 ,gg) to (H 2 ,<?g) is minimal Lagrangian and quasi-conformal. 

Sketch of the proof. The fact that gg and g@ have curvature — 1 follows from the same argument as in the proof 
of Proposition 11.71 we do not repeat it here. Moreover, the argument given in the proof of Theorem 11.101 also 
shows that the identity map from (H 2 ,^) to (H 2 ,<?g) is minimal Lagrangian. 

To check that the identity between (W 2 ,g) and (H 2 ,^) is quasiconformal, it is sufficient to prove that the 
eigenvalues of the bundle morphism t /3g ■ f5g are between e' and 1/e', for some e' > depending on e. However 
det(/3g) = 1 by definition, so that t f3g ■ fig has determinant 1. To compute its trace, notice that 

*/3 e • Pe = cos 2 {9/2)E + sin 2 (6>/2)6 2 + cos(0/2) sin(0/2)(J& - bJ) 

and that tr( Jb) = tr(6J) = 0. It follows that 

tr(% • (3g) = 2cos 2 (6>/2) + sin 2 (6»/2)tr(6 2 ) . 

Since the eigenvalues of b are in [e, 1/e], it follows that the identity between (H 2 ,<?) and (H 2 ,gg) is quasi- 
conformal, and that gg and g@ are complete. □ 

As a consequence we can give the definition of the action considered here. Let S QS represent points 

[-0], [ip*] € Tij. Then tjj := ip* o ip^ 1 : S 1 — > S 1 is a quasisymmetric homeomorphism: let m : H 2 — > H 2 be 
the unique quasiconformal minimal Lagrangian diffeomorphism with dm — ip. We can then define a bundle 
morphism b : TH 2 — > TH 2 as above, as well as two hyperbolic metrics gg and gg associated to and b, as in 
Section 3. Lemma [8731 shows that the identity between (M 2 ,gg) and (H 2 ,gJ) is minimal Lagrangian. 
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Since gg is hyperbolic, (M 2 ,gg) is isometric to the hyperbolic plane. The identity between (M 2 ,g) and 
(M 2 ,gg) therefore determines a quasiconformal diffcomorphism "fg between (M 2 ,g) and H 2 , well-defined up to 
composition on the left, with boundary value ipg 6 QS. Similary, the identity map from (M 2 ,g) to (M. 2 ,gg) 
determines a quasiconformal map ^g between the hyperbolic plane and itself, with boundary value ipg € QS. 
Then tyg o ^P" 1 is a quasiconformal minimal Lagrangian diffeomorphism by Lemma 15731 We define C as: 

c e ,e{[^\,[r]) = {[M,m) ■ 

To establish a relation between Tu and 7s, fix a hyperbolic metric ho on S and a universal covering map 
H 2 = (S,ho) — > (S,ho), so that p : iri(S) — > PSL 2 (1R) is the associated holonomy representation. Given 
[h] £ Ts, we can consider the lift h of h to H 2 and let p be its holonomy representation. The identity map 
from {El 2 , h ) to (M 2 ,h) determines a quasi-conformal diffeomorphism ^ of H 2 to itself, with boundary value 
ip G QS, that conjugates the action of p on H 2 to the action of p. 

Let is ■ Ts Tu be the canonical embedding of Teichmiiller space of S in the universal Teichmiiller space 
defined as is{[h]) — [V']- 

Proposition 8.4. The restriction via is of C to Ts X Ts C Tu x Tu is the landslide action L. 

Proof. Let [xjj] — is{[h\) and [ip*] — is([h*]) be points of is{Ts) C Tu- Let p and p* be the holonomy 
representations of h and h* respectively. Then ip and tf>* are the boundary values of quasiconformal maps 
vp, <£* : H 2 — > H 2 which are conjugating po to actions p and on H 2 . By construction, gg = hg is p-invariant 
and g^ = hg is p*-invariant; moreover, tyg (resp. conjugates the action of po to the action of the holonomy 
representation pg of hg (resp. the holonomy representation p* g of /ig). Hence, ([tpg], [ipg]) € is(Ts) X is (7s) C 
Tu ^ Tu, and the restriction of £ to 7s X 7s coincides with L, as claimed. □ 

Theorem 8.5. TTie map £ defines a non-trivial action of S 1 on Tu- 

Sketch of the proof. To prove that £ determines an action of S 1 , it is sufficient to check that, for all 9,9' £ M. 
and all [^] G Tc/, M, ^*])) = £ ei( * + ([# [V-D- 

However, this follows from the fact that ^0$^ is minimal Lagrangian, followed by the same argument 
used in the proof of Theorem ll.81 so we do not repeat them here. 

The nontriviality of C is clear, since L is non-trivial in all the copies of Teichmiiller spaces of surfaces of finite 
genus, see Proposition [831 □ 

9. Applications, extensions, and questions 

This section contains a brief outline of some possible applications of the landslide flow developed here, and 
of some open questions. 

9.1. Constant curvature surfaces in globally hyperbolic AdS manifolds. As already mentioned, a 
recent result of Barbot, Beguin and Zeghib [3] states that the complement of the convex core in a globally 
hyperbolic AdS manifold has a unique foliation by constant Gauss curvature surfaces. This was used above in 
the proof of Theorem 11.141 

However we believe that this result might not be necessary to prove Theorem II .141 and that a direct, albeit 
longer, proof could be given, based on a deformation argument. Using the same argument as in the proof of 
Theorem 11.141 but backwards, it should then be possible to recover parts of the main result of [3]: the proof 
of the existence, in a given globally hyperbolic AdS 3-dimensional manifold, of a unique surface of prescribed 
constant curvature. 

9.2. Holomorphic disks in Teichmiiller space. One obvious consequence of Theorems 11.141 and 15.11 is the 

existence of many holomorphic disks in Teichmiiller space of S: given h, h' £ T with h ^ h' and given £ £ S' 1 \{1} 
there exists h* € T and a holomorphic map C,(h, h*) : A — > T from the unit disk in C to Teichmiiller space of 
S, such that d(h, h*) = h and C c (h, h*) = h'. 

It is of course conceivable that the disks obtained in this manner for two different values of hi have the same 
image. However, there are reasons to believe that it is not often the case. If this is correct, it would mean that 
the landslide disks provide a (12g — ll)-dimensional family of holomorphic disks in T ■ 

9.3. Other questions. There are many remaining questions concerning the landslide flow or its complex exten- 
sion, mostly motivated by the analogy with the earthquake flow. Some of those statements can be translated in 
terms of 3-dimensional hyperbolic or AdS geometry. We give here a short list of example of possible questions. 
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Smooth grafting as homeomorphism. Recall that Scannell and Wolf |26j proved that, for A G AiC fixed, the map 
h i y gr\(h) is a homeomorphism of T. When h 6 T is fixed, the map A t— > gr\(h) is also a homeomorphism 
from ML to T, see [8]. 

It is tempting to ask whether those statements can be extended to the smooth grafting map sgr. Note that 
in this setting the two statements above concerning the grafting map - with the measured lamination fixed, and 
with the hyperbolic metric fixed - are now merged into one, since the two hyperbolic metrics that occur in the 
map sgr play symmetric roles. 

Question 9.1. Let s G (0, 1), and let h G T ■ Is the map h* i— > sgr s (h, h*) a homeomorphism from T to T? 

This statement can be translated in terms of the geometry of hyperbolic ends, in the following, essentially 
equivalent question. 

Question 9.2. Let h,c G T and let K G (—1, 0). 

• Is there a unique hyperbolic end with conformal structure at infinity c, and containing an embedded 
surface of constant curvature K with induced metric proportional to hi 

• Is there a unique hyperbolic end with conformal structure at infinity c, containing an embedded surface 
of constant curvature K with third fundamental form proportional to h*l 

The action of the landslide flow at infinity. It is quite natural to wonder to what extend the landslide flow can 
be extended to Thurston boundary of Teichmuller space. One side of this question is already answered above 
in Section 6, concerning the limit of L to the earthquake flow when one of the parameter converges to Thurston 
boundary and the other is fixed. However other questions can be asked, in particular in light of the results of 
Wolf [34] on the behavior of harmonic maps at the boudary of T ■ 

The landslide flow as a Hamiltonian flow. Consider a fixed measured lamination A G MC. The flow of earth- 
quakes along A is the Hamiltonian flow of the length of A, considered as a function on T, with respect to 
the Weil-Petersson symplectic structure. In a similar way, is the landslide flow the Hamiltonian flow of some 
functional on T x T? 

The data at infinity of hyperbolic ends. For all K G (— 1, 0), there is a parameterization of CP by T x T, with 
a complex projective structure P corresponding to (h, h*) if the hyperbolic end E with complex projective 
structure P at infinity contains a surface of constant curvature K with induced metric proportional to h and 
third fundamental form proportional to h*. 

There is also another parameterization of CP by the space of couples Qi, b), where h G T and where & is a 
bundle morphism which is self-adjoint for h and satisfies the Codazzi equation and det(6) = 1. 

Given a CP 1 -structure P, we can also consider the data at infinity /* and M* of the corresponding hyperbolic 
end, as defined in [13] . and take the limit as K — > 0. Is it true that h and h* limit to /* and M* respectively? 
And that the traceless part of B, suitably renormalized, converges to B*l 

Landslides on the universal Teichmuller space. Section 8 on the universal Teichmuller space leaves a number 
of elementary questions unanswered. One natural question is whether for fixed ["0] , ["0*] & Tu the map e l ° — > 
^.([(li], extends to a holomorphic disk in Tu, as for the landslide action on the Teichmuller space of a 
closed surface. 

Another natural question is whether all fixed points of the landslide action on Tu x Tu are on the diagonal. 

Cone singularities. It appears possible that all the results obtained here extend from closed hyperbolic surfaces 
to finite volume hyperbolic surfaces, and more generally to hyperbolic surfaces with cone singularities (perhaps 
of angle less than 7r). The 3-dimensional AdS or hyperbolic part of the picture would then be filled with 
3-dimensional AdS or hyperbolic manifolds with "particles", as considered e.g. in [T2" l |2"2l H7] . 
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